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1. Introduction
One-parameter quantizations of the general linear group GLn are the well-known objects that arise
as dual Hopf algebras of the Drinfeld–Jimbo quantized enveloping algebras Uq(gln) and were stud-
ied by many authors, for example [FRT,HH,Ma,PW,TT,Tk2]. The problem of constructing families of
multiparameter quantum groups was ﬁrst raised in [Ma2] and subsequently treated in [Tk,Re,OY,H,LS,
AE] among others. Two-parameter deformations of O(GLn) were introduced by M. Takeuchi in [Tk],
see also [Ko], and they were studied in detail in [DPW]. In [Tk] a two-parameter deformation of the
enveloping algebra U (gln) is also deﬁned and it is proved that there exists a Hopf pairing between
them. In the case of the one-parameter deformation, one can prove that this pairing is perfect. This is
way the Hopf algebras Oq(GLn) are dual to Uq(gln). A family depending on more parameters has been
constructed independently by Sudbery [S] and Reshetikhin [Re]. It is shown in [AST] that this family
can be obtained and characterized by a construction of Manin and they explain how the algebras in
the family are twists of Oq(GLn) by 2-cocycles. We have chosen to study the two-parameter deforma-
tion given by Takeuchi simply because they consist of a family of objects which cannot be obtained
by 2-cocycle deformations of Oq(GLn), see Remark 3.2(c).
Several authors, among them Benkart and Witherspoon [BW1,BW2], Jing [Ji] and Kulish [Ku], de-
ﬁned also two-parameter deformations of U (gln) which are particular cases of the multiparameter
deformations, see for example [CM2] and in particular [S], where they are deﬁned using a pairing
with a multiparameter deformation of the coordinate ring of GLn . These two-parameter deformations
of U (gln) are closely related to each other, for example Takeuchi’s deformation Uα,β(gln) is isomor-
phic as algebra to the deformation Ur,s−1 (gln) given by Benkart and Witherspoon but as coalgebra
they have the co-opposite coproduct. Recently, N. Hu and Y. Pei [HP] deﬁned two-parameter defor-
mations of U (g) for any semisimple Lie algebra and showed that they can be realized as Drinfeld
doubles. This generalizes previous results of Benkart and Witherspoon for type A, Bergeron, Gao and
Hu for type B , C and D [BGH,BGH2], Hu and Shi for type G [HS] and Bai and Hu for type E [BH].
In this paper we determine the Hopf algebra quotients of the two parameter quantization
Oα,β(GLn) of the coordinate algebra on GLn when α−1β is a primitive -th root of unity,  ∈ N,
odd with l  3 and α,β satisfy certain mild conditions, and we characterize all ﬁnite-dimensional
quotients when α−1β is not a root of unity. As a consequence, we give in Theorem 5.32 a new fam-
ily of non-semisimple and non-pointed Hopf algebras with non-pointed duals, which are quotients
of Oα,β(GLn) and cannot be obtained as quotients of O(G), with G a connected, simply connected,
simple complex Lie group,  a primitive s-th root of unity, see [AG2].
The relation between Uα,β(gln) and Oα,β(GLn) is crucial for the determination of the quotients,
as well as some known facts about the pairing between them and the center of Uα,β(gln). For this
reason, we rely on results of [BKL,BW1,BW2,BW3] and [DPW].
In order to study quantum subgroups of more general quantum groups, we believe that it would
be necessary to deﬁne ﬁrst, as in the case of one-parameter deformations [L], the rational form of
multiparameter deformations of coordinate rings of reductive or more general algebraic groups. This
involves the study of the representation theory of these quantum groups at roots of 1, since the quan-
tized coordinate rings would be generated as algebras by the matrix coeﬃcients of representations of
type 1. One may also use for the deﬁnition of these types of quantum groups the pairing between
the quantized coordinate rings and the quantized enveloping algebras, but in the case where the pa-
rameters are roots of unity, the pairing is degenerate, which makes the representation theory more
complicated. For multiparameter deformations of other simple Lie algebras, see [BGH,AE].
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P. Podles´ [P] for quantum SU(2) and SO(3). Then, the characterization of all ﬁnite-dimensional Hopf
algebra quotients of the quantized coordinate algebra Oq(SLN ) was obtained by Eric Müller [Mu2]. For
more general simple groups, all possible quotients of O(G) were determined in [AG2] in the case
where the parameter  is a root of unity, generalizing the results of Müller. They are parameterized
by data D = (I+, I−,N,Γ,σ , δ) where I+ and −I− are subsets of the basis of a ﬁxed root system of
Lie(G) = g, N is a ﬁnite abelian group related to I = I+ ∪ −I− , Γ is an algebraic group, σ : Γ → L is
an injective morphism of algebraic groups, where L ⊆ G is a connected algebraic subgroup associated
to I and δ : N → Γˆ is a group map into the character group of Γ . The corresponding quotient AD ﬁts
into a commutative diagram with exact rows:
1 O(G) ι
tσ
O(G)
π
qD
u(g)∗ 1
1 O(Γ ) ιˆ AD
πˆ
H 1,
(1)
where u(g) is the Frobenius–Lusztig kernel of g and H∗ is a Hopf subalgebra of u(g) determined
by the triple (I+, I−,N). In particular, the quotients AD ﬁt into a central exact sequence of Hopf
algebras.
We prove that the quotients of Oα,β(GLn) follow the same pattern when α−1β is a primitive -th
root of unity and α,β satisfy certain mild conditions, see Theorem 5.23. If α−1β is not a roof of unity,
the ﬁnite-dimensional quotients are the function algebras of ﬁnite subgroups of the diagonal torus in
GLn(k). The deﬁnition of a subgroup datum for Oα,β(GLn) is the following:
Deﬁnition 1.1. A subgroup datum of the quantum group Oα,β(GLn) is a collection D = (I+, I−,N,Γ,
σ , δ) where
• I+, I− ⊆ {1, . . . ,n−1}. These subsets determine an algebraic subgroup L of GLn consisting in block
matrices whose non-zero blocks are in the diagonal, see Remark 5.19.
• N is a subgroup of Tˆ, see Remark 5.20.
• Γ is an algebraic group.
• σ : Γ → L is an injective homomorphism of algebraic groups.
• δ : N → Γˆ is a group homomorphism.
If Γ is ﬁnite, we call D a ﬁnite subgroup datum. The following theorem is the main result of the
paper. Part (a) is completely analogous to [Mu2, Theorem 4.1] with almost the same proof and part (b)
is also analogous to [AG2, Theorem 2.17], but its proof is different since the quantum group Oα,β(GLn)
is given by generators and relations. In particular, several technical lemmata will be needed to prove
this part of the theorem.
Theorem 1. Let q : Oα,β(GLn) → A be a surjective Hopf algebra map.
(a) If α−1β is not a root of unity and dim A is ﬁnite, then A is a function algebra of a ﬁnite subgroup of the
diagonal torus in GLn(k).
(b) If α−1β is a primitive -th root of unity with α = 1 = β then there is a bijection between:
(i) Hopf algebra quotients q : Oα,β(GLn) → A.
(ii) Subgroup data of Oα,β(GLn) up to equivalence.
In Section 4 we give the proof of part (a) and in Section 5 we give the proof of part (b). Speciﬁcally,
in Section 5.3 we carry out the construction of a quotient AD of Oα,β(GLn) starting from a subgroup
datum D, see Theorem 5.23. In Section 5.4, we attach a subgroup datum D to an arbitrary Hopf
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the lattice of quotients AD . This concludes the proof of the theorem.
As a consequence, any quotient AD also ﬁts into a commutative diagram with exact rows:
1 O(GLn)
ι
tσ
Oα,β(GLn) π
qD
uˆα,β(gln)
∗ 1
1 O(Γ ) ιˆ AD
πˆ
H 1,
(2)
where uˆα,β(gln) is a quotient of the restricted quantum group of gln deﬁned in [BW1], and H
∗ is a
Hopf subalgebra of uˆα,β(gln) determined by the triple (I+, I−,N). In particular, the quotient AD ﬁts
into a central exact sequence of Hopf algebras. It is not known if a kind of converse is true, that is,
if a Hopf algebra is a central extension and it satisﬁes some additional but speciﬁc properties, then
it is a quotient of a quantum group. An example of a speciﬁc property, for instance, is being ﬁnite-
dimensional and generated by a simple subcoalgebra of dimension 4 stable by the antipode. This fact
was proved by S¸tefan [S¸] and it is used with proﬁt in the classiﬁcation of Hopf algebras of small
dimension, see for example [GV,N].
The paper is organized as follows. We recall in Section 2 some known facts about Hopf algebras,
central extensions of Hopf algebras and PI-Hopf triples. In Section 3 we recall the deﬁnition of the
two-parameter deformation of the coordinate ring of GLn , the universal enveloping algebra of gln , the
pairing between them and some results due to Kharchenko [K] and Benkart and Witherspoon [BW1]
on a PBW-basis of Uα,β(gln). As already mentioned, we prove Theorem 1 in Section 4 and Section 5,
and we end the paper by giving some properties and relations between distinct quantum subgroups
in the case where the parameters are roots of unity. As a byproduct we obtain the last theorem of the
paper Theorem 5.32, which gives a new family of ﬁnite-dimensional non-semisimple and non-pointed
Hopf algebras with non-pointed duals.
2. Preliminaries
2.1. Conventions
We work over an algebraically closed ﬁeld k of characteristic zero and by k× we denote the group
of units of k. We write G for the group of -th roots of unity. Our references for the theory of
Hopf algebras are [Mo] and [Sw], for Lie algebras [Hu] and for quantum groups [J] and [BG]. If Γ is
a group, we denote by Γˆ the character group. The antipode of a Hopf algebra H is denoted by S .
The Sweedler notation is used for the comultiplication of H but dropping the summation symbol. The
set of group-like elements of a coalgebra C is denoted by G(C). We also denote by C+ = Kerε the
augmentation ideal of C , where ε : C → k is the counit of C . Let A π−→ H be a Hopf algebra map,
then Aco H = Acoπ = {a ∈ A | (id ⊗ π)(a) = a ⊗ 1} denotes the subalgebra of right coinvariants and
co H A = coπ A = {a ∈ A | (π ⊗ id)(a) = 1⊗ a} denotes the subalgebra of left coinvariants.
Let H be a Hopf algebra, A a right H-comodule algebra with structure map δ : A → A ⊗ H , a 	→
a(0) ⊗ a(1) and B = Aco H . The extension B ⊆ A is called a Hopf Galois extension or H-Galois if the
canonical map λ : A ⊗B A → A ⊗ H , a ⊗ b 	→ ab(0) ⊗ b(1) is bijective.
Deﬁnition 2.1. A Hopf pairing between two Hopf algebras U and H is a bilinear form (−,−) : H ×
U → k such that, for all u, v ∈ U and f ,h ∈ H ,
(i) (h,uv) = (h(1),u)(h(2), v); (iii) (1,u) = ε(u);
(ii) ( f h,u) = ( f ,u(1))(h,u(2)); (iv) (h,1) = ε(h).
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U → H◦ and H → U ◦ , where H◦ and U ◦ are the Sweedler duals. The pairing is called perfect if these
maps are injections.
2.2. Central extensions of Hopf algebras
We recall some results on quotients and extensions of Hopf algebras.
Deﬁnition 2.2. (See [AD].) A sequence of Hopf algebras maps 1 → B ι−→ A π−→ H → 1, where 1 denotes
the Hopf algebra k, is exact if ι is injective, π is surjective, Kerπ = AB+ and B = coπ A.
If the image of B is central in A, then A is called a central extension of B . We shall use the
following result.
Proposition 2.3. (See [AG2, Proposition 2.10].) Let A and K be Hopf algebras, B a central Hopf subalgebra of A
such that A is left or right faithfully ﬂat over B and p : B → K a Hopf algebra epimorphism. Then H = A/AB+
is a Hopf algebra and A ﬁts into the exact sequence 1 → B ι−→ A π−→ H → 1. If we set J = Ker p ⊆ B, then
(J ) = AJ is a Hopf ideal of A and Ap := A/(J ) is the pushout given by the following diagram:
B
ι
p
A
q
K
j
Ap .
Moreover, K can be identiﬁed with a central Hopf subalgebra of Ap and Ap ﬁts into the exact sequence 1 →
K → Ap → H → 1.
Remark 2.4. Let A and B be as in Proposition 2.3, then the following diagram of central exact se-
quences is commutative.
1 B
ι
p
A
π
q
H 1
1 K
j
Ap
πp
H 1.
(3)
The following general fact is due to Masuoka, see [AG2, Lemma 1.14].
Lemma 2.5. Let H be a bialgebra over an arbitrary commutative ring, and let A, A′ be right H-Galois exten-
sions over a common algebra B of H-coinvariants. If A′ is right B-faithfully ﬂat, then any H-comodule algebra
map θ : A → A′ that is identical on B is an isomorphism.
Recall that a k-algebra A is called aﬃne if it is ﬁnitely generated as an algebra and a ring R is
called a polynomial identity ring or PI-ring for short, if there exists a monic polynomial f in the free
algebra Z〈X〉 on a set X = {x1, . . . , xm} such that f (r1, . . . , rm) = 0 for all r ∈ R .
Deﬁnition 2.6. (See [BG, Deﬁnition III.4.1].) A PI-Hopf triple (B, H, H¯) over k consists of three Hopf
algebras such that
(i) H is a k-aﬃne k-Hopf algebra.
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B-module.
(iii) H¯ := H/B+H is the ﬁnite-dimensional Hopf algebra quotient.
We end this section with the following results.
Lemma 2.7. Let (B, H, H¯) be any PI-Hopf triple over k. Then
(i) [BG, Lemma III.4.2] B is an aﬃne k-algebra. Thus H is a noetherian PI-algebra and Z(H) is an aﬃne
algebra.
(ii) [BG, Theorem III.4.5] H is a ﬁnitely generated projective B-module.
(iii) [BG, Lemma III.4.6] B ⊆ H is a faithfully ﬂat H¯-Galois extension. In particular, B = co H¯ H = Hco H¯ .
Remark 2.8. By Lemma 2.7(iii) and [Mo, Proposition 3.4.3], any PI-Hopf triple (B, H, H¯) gives rise to
a central extension of Hopf algebras – see Deﬁnition 2.2:
1 → B ι−→ H π−→ H¯ → 1.
3. Two-parameter deformations of classical objects
In this section we recall the deﬁnition and some basic properties of the two-parameter quanti-
zation of the coordinate algebra of GLn as well as the two-parameter quantization of U (gln) given
in [Tk].
3.1. The quantum group GLα,β(n)
Deﬁnition 3.1. (See [Tk, Section 2].) Let α,β ∈ k× and n ∈ N. The algebra Oα,β(Mn) is the k-algebra
generated by the elements {xij: 1 i, j  n} satisfying the following relations:
xikxi j = α−1xijxik if j < k,
x jkxik = βxikx jk if i < j,
x jkxil = βαxilx jk and
x jlxik − xikx jl = (β − α)xilx jk if i < j and k < l.
This algebra is a non-commutative polynomial algebra in the variables xij and has no non-zero
zero divisor. It has a basis {∏i, j xei ji j | ei j ∈ N0}, where the products are formed with respect to a ﬁxed
ordering of {xij: 1 i, j  n}. It has a bialgebra structure determined by
(xij) =
n∑
s=1
xis ⊗ xsj and ε(xij) = δi j.
If α = 1 = β this commutative algebra is just O(Mn(k)). Thus Oα,β(Mn) deﬁnes a two-parameter
quantization Mα,β(n,k) of the semigroup scheme M(n,k).
The quantum determinant g = |X |, where X = (xij)1i, jn denotes the (n × n)-matrix with coeﬃ-
cients xij , is deﬁned by
g =
n∑
σ∈S
(−β)−(σ )xσ (1),1 · · · xσ (n),n =
n∑
σ∈S
(−α−1)−(σ )x1,σ (1) · · · xn,σ (n).
n n
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of g satisfy the left and right Ore condition. The localization of Oα,β(Mn) at the powers of g gives
the Hopf algebra Oα,β(GLn) := Oα,β(Mn)[g−1], which is the Hopf algebra Aα−1,β in [Tk]. This Hopf
algebra corresponds to the quantum group GLα,β(n). The antipode S is given by
S(xij) = (−β) j−i g−1|X ji | =
(−α−1) j−i|X ji|g−1, (4)
where |X ji | denotes the quantum determinant of the (n − 1) × (n − 1) minor obtained by removing
the j-th row and the i-th column. Hence
S2(xij) =
(
α−1β
) j−i
xi j . (5)
Remark 3.2. (a) By taking different values of α,β , e.g. (α,β) = (q−1,q) or (1,q) one obtains the
well-known one parameter deformations of O(GLn), the standard in the ﬁrst case and the Dipper–
Donkin’s [DD] deformation in the second. Hence we will assume that α−1 = β and α = 1 = β .
(b) In [Tk3], it is studied the problem of the cocycle deformations of the quantum groups
Oα−1,β (GLn). It is proved in Theorem 2.6 that the bialgebra Oα−1,β (Mn) is isomorphic to a cocy-
cle deformation of Oα′−1,β ′(Mn) if and only if α−1β = α′−1β ′ or αβ = (α′−1β ′)−1 (here we have
used Takeuchi’s notation to avoid confusion with the reference). Moreover, one has by Corollary 2.8
that if α−1β = 1 then Oα−1,β (GLn) is not a cocycle deformation of commutative Hopf algebras, and
Oα−1,β (Mn) is not a cocycle deformation of commutative bialgebras.
(c) It is not diﬃcult to see that Oα−1,β (GLn) and Oα,β−1(GLn) are isomorphic as Hopf algebras.
The isomorphism is determined by deﬁning xij 	→ yn+1−i,n+1− j , where the elements xij and yij
denote the canonical generators of Oα−1,β (Mn) and Oα,β−1 (Mn), respectively (see [DPW, Proposi-
tion 1.11]). Moreover, in [DPW, Theorem 2.4, Corollary 2.6] it is proved that if α−1β = α′−1β ′ or
α−1β = (α′−1β ′)−1 then Oα−1,β (GLn) and Oα′−1,β ′(GLn) are isomorphic as coalgebras; in particular,
their categories of comodules are equivalent, compare with Remark 3.2(b).
3.2. Quantum Borel subgroups of GLα,β(n)
Let J+ be the ideal of Oα,β(GLn) generated by the elements {xij}i> j . By the relations in Deﬁni-
tion 3.1, it is a two-sided ideal and since (xij) =∑nk=1 xik ⊗ xkj and ε(xij) = δi j , it follows that J+ is
also a coideal. Moreover, by Eq. (4) we know that S(xij) = (−β) j−i g−1|X ji| and |X ji| ∈ I+ , whence
S( J+) ⊆ J+ and J+ is a Hopf ideal. The Hopf algebra quotient Oα,β(GLn)/ J+ corresponds to the
two-parameter deformation of a Borel subalgebra of GLn(k) and it is denoted by Oα,β(B+). Denote by
t+ : Oα,β(GLn) → Oα,β
(
B+
)
the canonical Hopf algebra quotient and t+(xij) = x¯i j for all 1 i, j  n. Then Oα,β(B+) is generated
as an algebra by the elements {x¯i j | 1 i  j  n} satisfying the relations
x¯ik x¯i j = α−1x¯i j x¯ik if j < k,
x¯ jk x¯ik = β x¯ik x¯ jk if i < j,
x¯ jk x¯il = βαx¯il x¯ jk and
x¯ jl x¯ik = x¯ik x¯ jl if i < j and k < l. (6)
The elements {x¯ii}1in are invertible group-like elements which commute with each other and
t+(g−1) = x¯−111 · · · x¯−1nn . Moreover, the set
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i< j
x¯
ei j
i j
∏
i
x¯eiii
∣∣∣ eij ∈ N0, ei ∈ Z
}
is a linear basis of Oα,β(B+), for some ﬁxed ordering of {x¯i j | 1  i < j  n}. In particular, it has no
non-zero divisors.
Analogously, by taking the ideal J− generated by the elements {xij}i< j , one deﬁnes the Borel sub-
algebra Oα,β(B−) := Oα,β(GLn)/ J− . Denote by t− : Oα,β(GLn) → Oα,β(B−) the Hopf algebra quotient
and t−(xij) = xˆi j for all 1 i, j  n. The following lemma is [PW, Theorem 8.1.1] in the case of two-
parameter deformations.
Lemma 3.3. The following algebra map is injective
δ = (t+ ⊗ t−) ◦ : Oα,β(GLn) → Oα,β
(
B+
)⊗ Oα,β(B−).
Proof. Since δ(xij) =∑i, jk x¯ik⊗ xˆkj , then δ(xij) = 0 for all 1 i, j  n. Moreover, since δ is an algebra
map, δ(x) = 0 if and only if δ(x)δ(gt) = δ(xgt) = 0 for all t ∈ Z. As {g−t∏i, j xei ji j | t, ei j ∈ N0} is a set of
generators of Oα,β(GLn), we may assume that if δ(x) = 0, then x ∈ Oα,β(Mn).
By Deﬁnition 3.1, we know that Oα,β(Mn) has a linear basis consisting of monomials of the form
me =
∏
i< j
x
ei j
i j ·
n∏
i=1
xeiiii ·
∏
i> j
x
ei j
i j ,
where e = (ei j)1i, jn runs over the set of n × n matrices with coeﬃcients in Z+ , and the product
of the xij ’s is taken with respect to a ﬁxed order. Deﬁne the degree of a monomial me to be the
matrix e. Then the opposite lexicographic order (i.e. xij  xkl if i < k and if i = k then j  l), induces
a partial order in the monomials according to their degree. Thus
δ(me) = c
∏
i< j
x¯
ei j
i j ·
∏
i
x¯
eii+
∑
i> j ei j
ii ⊗
∏
j
xˆ
e j j+
∑
i< j ei j
j j ·
∏
i> j
xˆ
ei j
i j + lower terms,
with c = 0, since by Deﬁnition 3.1 and Eqs. (6) changing the order of the factors in a monomial
only results in a non-zero scalar factor and some lower terms. From this follows that if e = f =
( f i j)1i, jn then δ(me) and δ(mf) have different leading terms. This implies the linear independence
of the δ(me)’s, which implies that δ is injective on Oα,β(Mn). 
3.3. The quantum group Uα,β(gln)
Now we recall the deﬁnition of the two-parameter deformation Uα,β(gln) of the enveloping alge-
bra of gln , following [BW3] but changing the notation of the parameters α = r and β = s to stress the
relation with the two-parameter deformation Oα,β(GLn).
Deﬁnition 3.4. (See [BW3, Section 1].) Assume that α = β . The algebra Uα,β(gln) is the k-algebra gen-
erated by the elements {ai,a−1i ,bi,b−1i , e j, f j: 1 i  n, 1 j < n} satisfying the following relations:
for all 1 i,k n, 1 j, l < n,
ai,bk commute with each other and
aia
−1
i = a−1i ai = bib−1i = b−1i bi = 1,
aie j = αδi j−δi, j+1e jai, bie j = βδi j−δi, j+1e jbi,
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[e j, fl] = δ jl
α − β (a jb j+1 − a j+1b j),
[e j, el] = [ f j, fl] = 0 if | j − l| > 1,
0 = e2j e j+1 − (α + β)e je j+1e j + αβe j+1e2j , (7)
0 = e je2j+1 − (α + β)e j+1e je j+1 + αβe2j+1e j,
0 = f 2j f j+1 −
(
α−1 + β−1) f j f j+1 f j + α−1β−1 f j+1 f 2j , (8)
0 = f j f 2j+1 −
(
α−1 + β−1) f j+1 f j f j+1 + α−1β−1 f 2j+1 f j.
Let w j = a jb j+1 and w ′j = a j+1b j for all 1  j < n. The algebra Uα,β(gln) has a Hopf algebra
structure determined by the elements ai , bi being group-likes, the e j being (w j,1)-primitives and
the f j being (1,w ′j)-primitives, for all 1 i  n, 1 j < n. That is,
(ai) = ai ⊗ ai, (bi) = bi ⊗ bi,
(e j) = e j ⊗ 1+ w j ⊗ e j and ( f j) = 1⊗ f j + f j ⊗ w ′j .
Similarly as before, by taking different values of the parameters α,β , one obtains the well-known
one parameter deformations of U (gln) as quotients of this one. For example, if (α,β) = (q,q), then the
group-like elements aib
−1
i are central and the quotient of Uq,q by the Hopf ideal (aib
−1
i −1: 1 i  n)
can be identiﬁed with the Drinfeld–Jimbo Hopf algebra Uq(gln).
There is a canonical triangular decomposition
Uα,β(gln) = U−α,β(gln)⊗ U ◦α,β(gln)⊗ U+α,β(gln), (9)
where U+α,β(gln), U
−
α,β(gln) and U
◦
α,β(gln) are the subalgebras generated by {ei}1i<n , { f i}1i<n and
{a±1j ,b±1j }1 jn , respectively.
Let Uα,β(b+) be the Hopf subalgebra of Uα,β(gln) generated by the elements {e j,w±1j ,a±1n | 1 
j < n} and Uα,β(b−) be the Hopf subalgebra generated by the elements { f j, (w ′j)±1,b±1n | 1 j < n}.
Then, by the triangular decomposition (9), the multiplication m : Uα,β(b+)⊗ Uα,β(b−) → Uα,β(gln) is
surjective. Thus, its transpose tm : Uα,β(gln)∗ → [Uα,β(b+) ⊗ Uα,β(b−)]∗ deﬁnes an injective map.
Moreover, by [BW2, Lemma 2.2 and Theorem 2.7] there exists a Hopf algebra pairing between
Uα,β(b+) and Uα,β(b−), and Uα,β(gln)  D(Uα,β(b+),Uα,β(b−)cop), the double related to the pair-
ing.
3.3.1. A PBW-type basis of Uα,β(gln)
If α = −β , Uα,β(gln) admits a PBW-type basis because of the next theorem, which is a special case
of [K, Theorem An], see [BKL, Theorem 3.2]. First, let {Ei, j: 1 j  i < n} be the elements deﬁned by
E j, j = e j and Ei, j = eiEi−1, j − α−1Ei−1, jei = [ei,Ei−1, j]α−1 ,
for all 1 j < i < n. Then, relation (7) can be reformulated by saying
ei+1Ei+1,i = β−1Ei+1,iei+1, Ei+1,iei = β−1eiEi+1,i.
Analogously, deﬁne {Fi, j: 1  j  i < n} by letting F j, j = f j and Fi, j = f iFi−1, j − β−1Fi−1, j f i for
1 j < i < n. By [BW1, p. 5] we have
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for all 1 s < n. For k  l, denote wk,l = wkwk−1 · · ·wl and set ζ = 1 − α−1β . The following lemma
is due to Benkart and Witherspoon.
Lemma 3.5. (See [BW1, Lemma 2.19].) For 1 l k < n,
(Ek,l) = Ek,l ⊗ 1+ wk,l ⊗ Ek,l + ζ
k−1∑
j=l
Ek, j+1w j,l ⊗ E j,l.
The following theorem gives a PBW-basis of Uα,β(gln).
Theorem 3.6. (See [K, Theorem An].) Assume that α = −β . Then
(i) B+0 = {Ei1, j1Ei2, j2 · · ·Eip , jp | (i1, j1)  (i2, j2)  · · ·  (ip, jp)} and B−0 = {Fi1, j1Fi2, j2 · · ·Fip , jp |
(i1, j1) (i2, j2) · · · (ip, jp)} (lexicographical ordering) are linear basis of U+α,β(gln) and U−α,β(gln)
respectively.
(ii) B+1 = {ei1, j1ei2, j2 · · · eip , jp | (i1, j1)  (i2, j2)  · · ·  (ip, jp)} and B−1 = { f i1, j1 f i2, j2 · · · f ip , jp |
(i1, j1) (i2, j2) · · · (ip, jp)} (lexicographical ordering) are linear basis of U+α,β(gln) and U−α,β(gln)
respectively, where ei, j = eiei−1 · · · e j and fi, j = f i f i−1 · · · f j for i  j.
Since U ◦α,β(gln) is a group algebra, combining these basis and using the triangular decomposition,
one obtains a PBW-basis for Uα,β(gln).
There is also a two-parameter analog of Uq(sln) which is given by the subalgebra of Uq(gln) gen-
erated by the elements e j, f j,w j , w
−1
j , w
′
j and (w
′
j)
−1 for 1  j < n. Clearly, if (α,β) = (q,q), this
subalgebra of Uq(gln) is precisely Uq(sln). However, one cannot deﬁne using Deﬁnition 3.1 a two-
parameter analog of Oq(SLn) since the quantum determinant g is not central.
3.3.2. A Hopf pairing between Oα,β(GLn) and Uα,β(gln)
The Hopf algebras Oα,β(GLn) and Uα,β(gln) are associated with each other by a Hopf pairing
〈−,−〉 : Uα,β(gln)× Oα,β(GLn) → k which is deﬁned on the generators by
〈ai, xst〉 = δstαδis , 〈bi, xst〉 = δstβδis ,
〈e j, xst〉 = δ jsδ j+1,t, 〈 f j, xst〉 = δ j+1,sδ jt,
where 1 i  n, 1 j < n, 1 s, t  n, see [Tk]. Clearly, the Hopf pairing deﬁnes a Hopf algebra map
ψ : Oα,β(GLn) → Uα,β(gln)◦, (11)
given by ψ(xst)(u) = 〈u, xst〉, for all 1  s, t  n and for u = ai,bi, e j, f j with 1  i  n, 1  j < n.
Following [Tk2, Section 4], we say that Oα,β(GLn) is connected if ψ is injective. In case that α and β
are roots of unity, Oα,β(GLn) is not connected. However, a map induced by ψ is injective on certain
quotients of these quantum groups and this fact is needed to do the ﬁrst step in the contruction of
the quantum subgroups of Oα,β(GLn). The following technical lemmata will be needed in the sequel.
Lemma 3.7. For all 1 i, j  n and 1 l k < n,
(i) 〈Ek,l, xij〉 = (−1)k−lαl−kδl,iδk+1, j ,
(ii) 〈Fk,l, xij〉 = δk+1,iδl, j .
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hence the formula holds for k = l. Now suppose the formula holds for k − 1 l, then
〈Ek,l, xij〉 = 〈ekEk−1,l, xij〉 − α−1〈Ek−1,lek, xij〉
=
n∑
m=1
〈ek, xim〉〈Ek−1,l, xmj〉 − α−1
n∑
m=1
〈Ek−1,l, xim〉〈ek, xmj〉
= δk,i〈Ek−1,l, xk+1, j〉 − α−1〈Ek−1,l, xi,k〉δk+1, j
= δk,i(−1)k−1−lαl−k+1δl,k+1δk, j − α−1(−1)k−1−lαl−k+1δl,iδk+1,l
= (−1)k−lαl−kδl,iδk+1, j,
which ﬁnishes the proof of part (i). The proof of (ii) is analogous. By deﬁnition we know that
〈Fl,l, xij〉 = 〈 fl, xij〉 = δl+1,iδl, j , hence the formula holds for k = l. Now suppose the formula holds
for k − 1 l, then
〈Fk,l, xij〉 = 〈 fkFk−1,l, xij〉 − β−1〈Fk−1,l fk, xij〉
=
n∑
m=1
〈 fk, xim〉〈Fk−1,l, xmj〉 − β−1
n∑
m=1
〈Fk−1,l, xim〉〈 fk, xmj〉
= δk+1,i〈Fk−1,l, xk, j〉 − β−1〈Fk−1,l, xi,k+1〉δk, j
= δk+1,iδk,kδl, j − β−1δk,iδl, jδk, j
= δk+1,iδl, j,
which ﬁnishes the proof of part (ii). 
4. Finite quantum subgroups of GLα,β(n), α−1β not a root of 1
In this section we prove Theorem 1(a), as in [Mu2, Theorem 4.1].
Theorem 4.1. If α or β is not a root of unity, then the ﬁnite-dimensional quotients of Oα,β(GLn) are just the
function algebras of ﬁnite subgroups of the diagonal torus in GLn(k).
Proof. Let q : Oα,β(GLn) → A be a surjective Hopf algebra map such that dim A is ﬁnite. Then by [R],
the antipode SA of A has ﬁnite (even) order, say 2t . Then by (5) it follows that q(xij) = S2tA (q(xij)) =
q(S2t(xij)) = (αβ)2t( j−i)q(xij). Since αβ is not a root of unity, we have that q(xij) = 0 for all 1 
i, j  n with i = j. Hence, A is a ﬁnite-dimensional quotient of k[x11, x22, . . . , xnn], the coordinate
algebra of the diagonal torus T ⊆ GLn(k). Thus, A is isomorphic to the algebra of functions of a ﬁnite
subgroup of T. 
Remark 4.2. If A is inﬁnite-dimensional, it may not be commutative: take the quotient given by
q : Oα,β(GLn) → Oα,β(B+), where Oα,β(B+) is the Borel quantum subgroup deﬁned in Section 3.2.
Then by construction, Oα,β(B+) is not commutative, non-semisimple and S2 = id.
5. Quantum subgroups of GLα,β(n), α−1β a primitive root of 1
In this section we determine all the quotients of Oα,β(GLn) when α and β are roots of unity and
satisfy certain mild conditions. The proof follows the ideas of [AG2], but hard computational methods
are required.
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Let  ∈ N be an odd natural number such that α−1β is a primitive -th root of unity and
α = 1 = β . In [DPW, Theorem 3.1], Du, Parshall and Wang deﬁne a generalization of the quantum
Frobenius map
F# : O(GLn) → Oα,β(GLn), Xij 	→ xi j, g 	→ g,
which is a Hopf algebra monomorphism that corresponds intuitively to a surjective map of quantum
groups F : GLα,β(n) → GL(n).
For this reason, Theorem 3.6 and the deﬁnition of Uα,β(gln) we will assume from now on that
α = ±β,β−1, α−1β is a primitive -th root of 1 and α = 1 = β, (12)
where  is supposed to be odd and  3.
Proposition 5.1. (See [DPW, Proposition 3.8].) With the above notation and assumptions and identifying
O(GLn) = F#(O(GLn)) we have:
(i) The Hopf subalgebra O(GLn) is central in Oα,β(GLn).
(ii) Oα,β(GLn) is faithfully ﬂat over O(GLn).
(iii) H¯ := Oα,β(GLn)/O(GLn)+Oα,β(GLn) has dimension n2 .
Although the construction of the quantized coordinate rings differs from the one given in [DL], the
explicit deﬁnition given by generators and relations allows us to give as in [AG2] a coalgebra section
to π .
Corollary 5.2. The Hopf algebra surjection π : Oα,β(GLn) → H¯ admits a coalgebra section γ .
Proof. From [DPW, Proposition 3.5] it follows that {∏i, j x¯ei ji j | 0  ei j < } is a basis of H¯ for some
ﬁxed ordering of the π(xij) = x¯i j . With this in mind, deﬁne the linear map
γ : H¯ → Oα,β(GLn), γ
(∏
i, j
x¯
ei j
i j
)
=
∏
i, j
x
ei j
i j . (13)
Clearly, γ is a linear section of π . Moreover, a direct calculation shows that γ is also a coalgebra
map. 
We end this subsection with the following corollary.
Corollary 5.3. (O(GLn),Oα,β(GLn), H¯) is a PI-Hopf triple and one has the central extension 1 → O(GLn) ι−→
Oα,β(GLn) π−→ H¯ → 1.
5.2. Restricted two-parameter quantum groups
We recall now the deﬁnition of the restricted two-parameter quantum groups given in [BW1].
They are ﬁnite-dimensional quotients of the two-parameter quantum groups Uα,β(gln) given by Def-
inition 3.4. Since α and β are roots of unity, Uα,β(gln) contains central elements which generate a
Hopf ideal.
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the same proofs, since the only difference relays on central group-like elements: use for example that
wk − 1 := akbk+1 − 1 = ak(bk+1 − 1)+ (ak − 1) for all 1 k < n.
Theorem 5.4.
(i) [BW1, Theorem 2.6] The elements Ek,l , Fk,l , ai , bi with 1  l  k < n and 1  i  n are central in
Uα,β(gln).
(ii) [BW1, Theorem 2.17] Let In be the ideal generated by the elements Ek,l , Fk,l , ai − 1, bi − 1 with 1 l
k < n and 1 i  n. Then In is a Hopf ideal.
Remark 5.5. Let B be the subalgebra of Uα,β(gln) generated by e

k , f

k , a
±
i , b
±
i with 1  k < n and
1 i  n. Clearly, it is central by Theorem 5.4(i). Moreover, by [BW1, (2.24)], we know that

(
ek
)= ek ⊗ 1+ wk ⊗ ek and ( f k )= 1⊗ f k + f k ⊗ (w ′k).
This implies that B is indeed a Hopf subalgebra.
Deﬁnition 5.6. (See [BW1, Deﬁnition 2.15].) The restricted two-parameter quantum group uα,β(gln) is
the quotient
uα,β(gln) := Uα,β(gln)/In,
given by Theorem 5.4. Denote by r : Uα,β(gln) → uα,β(gln) the canonical surjective Hopf algebra map.
Remark 5.7. The restricted two-parameter quantum group uα,β(sln) deﬁned in [BW1] is just the quo-
tient of Uα,β(sln) by the ideal Jn generated by the elements Ek, j , Fk, j , (akbk+1) − 1, (ak+1bk) − 1
with 1  j  k < n. In this case, uα,β(sln) is a pointed Hopf algebra which is a Drinfeld double and
dimuα,β(sln) = (n+2)(n−1) . Moreover, one has the commutative diagram
Uα,β(sln)
ι
Uα,β(gln)
r
uα,β(sln)
j
uα,β(gln).
Indeed, one can use the PBW-basis of Uα,β(gln) and Uα,β(sln) – see Theorem 3.6 – to prove that the
map j is injective, since In ∩ Uα,β(sln) = Jn .
Lemma 5.8. uα,β(gln) is a pointed Hopf algebra of dimension 
n2+n.
Proof. Since Uα,β(gln) is pointed, uα,β(gln) is pointed by [Mo, Corollary 5.3.5]. By Theorem 3.6,
uα,β(gln) has a linear basis consisting of the elements
Em1i1, j1E
m2
i2, j2
· · ·Empip , jpa
r1
1 a
r2
2 · · ·arnn bs11 bs22 · · ·bsnn F t1k1,l1F
t2
k2,l2
· · ·F tqkq,lq , (14)
where (i1, j1) < (i2, j2) < · · · < (ip, jp) and (k1, l1) < (k2, l2) < · · · < (kq, lq) are lexicographically or-
dered and all powers range between 0 and − 1. Then dimuα,β(gln) = n2+n . 
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such that qnα = α and qnβ = β , by the assumptions in (12). Let I be the ideal of uα,β(gln) generated
by the central group-like elements {hnαi a−1i − 1,h
nβ
i b
−1
i − 1 | 1 i  n} and deﬁne
uˆα,β(gln) := uα,β(gln)/I.
Lemma 5.9. uˆα,β(gln) is a pointed Hopf algebra of dimension 
n2 .
Proof. First, uˆα,β(gln) is pointed by [Mo, Corollary 5.3.5]. Since uˆα,β(gln) is the quotient of uα,β(gln)
by the ideal I generated by central group-like elements, from Theorem 3.6 and the proof of
Lemma 5.8 – see (14) – it follows that uˆα,β(gln) has a linear basis consisting of the elements
Em1i1, j1E
m2
i2, j2
· · ·Empip , jph
r1
1 h
r2
2 · · ·hrnn F t1k1,l1F
t2
k2,l2
· · ·F tqkq,lq , (15)
where (i1, j1) < · · · < (ip, jp) and (k1, l1) < · · · < (kq, lq) are lexicographically ordered and 0 
mi, r j, tk  − 1. Then dim uˆα,β(gln) = n2 . 
As in the case of one-parameter deformations of classical objects, the restricted quantum group
uˆα,β(gln) is associated to the Hopf algebra H¯ given by Proposition 5.1 in terms of a Hopf pairing,
induced from the Hopf pairing between Uα,β(gln) and Oα,β(gln), see [DL, 6.1], [BG, III.7.10].
Lemma 5.10. The Hopf pairing 〈−,−〉 : Uα,β(gln) × Oα,β(GLn) → k from Section 3.3.2 induce a Hopf pair-
ing 〈−,−〉′ : uˆα,β(gln) × H¯ → k. In particular, there exists a Hopf algebra map ψ¯ : H¯ → uˆα,β(gln)∗ given
by ψ¯(π(x))(r(u)) = 〈r(u),π(x)〉′ for all x ∈ Oα,β(GLn), u ∈ Uα,β(gln) such that the following diagram com-
mutes
Oα,β(GLn)
ψ
π
Uα,β(gln)
◦
H¯
ψ¯
uˆα,β(gln)
∗,
t r (16)
where ψ(x)(u) = 〈u, x〉 for all u ∈ Uα,β(gln) and x ∈ Oα,β(GLn).
Proof. First note that uˆα,β(gln) is the quotient of Uα,β(gln) by the ideal In generated by the central
elements Ek, j,Fk, j,hi − 1,hnαi a−1i − 1,h
nβ
i b
−1
i − 1 with 1 j  k < n, 1 i  n. Thus, to see that the
pairing 〈−,−〉′ is well deﬁned, it is enough to prove O(GL(n))+ ⊆ Jr and In ⊆ Jl , where Jr and Jl are
the right and left radicals of the pairing. Since by Proposition 5.1(i), (xst) =
∑n
k=1 xsk ⊗ xkt , it suﬃces
to show for the ﬁrst inclusion that 〈u, xst〉 = δstε(u) for all u = ai,bi, e j, f j , with 1 i  n, 1 j < n.
But this follows from the deﬁnition in Section 3.3.2; for example,
〈
ai, x

st
〉= 〈(−1)(ai), x⊗st 〉= 〈ai, xst〉 = δst(αδis) = δst = δstε(ai),
and since (−1)(ei) =∑−1j=0(aibi+1)⊗ j ⊗ ei ⊗ 1⊗− j−1 it follows that
〈
ei, x

st
〉= 〈(−1)(ei), x⊗st 〉=
−1∑
j=0
〈
(aibi+1)⊗ j ⊗ ei ⊗ 1⊗− j−1, x⊗st
〉
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−1∑
j=0
δ
j
stδisδi+1,tδ
− j−1
st
(
αδisβδi+1,s
) j
= δ−1st δisδi+1,t
−1∑
j=0
(
αδisβδi+1,s
) j = 0= δstε(ei).
The proof for the other elements is similar. Now, to prove that In ⊆ Jl , it is enough to show it for the
generators of the ideal In which are central elements. But for all 1 s, t  n we have
〈
hi , xst
〉= 〈h⊗i ,(−1)xst 〉= ∑
1r1,...,r−1n
〈
h⊗i , xs,r1 ⊗ xr1,r2 ⊗ · · · ⊗ xr−1,t
〉
=
∑
1rmn
δs,r1δr1,r2 · · · δr−1,tα−(δi,s+δi,r1+···+δi,r−1 )βδi+1,s+δi+1,r1+···+δi+1,r−1
= δs,tα−δi,sβδi+1,s = δst .
Hence hi − 1 ∈ Jl for all 1 i  n. Analogously, for all 1 s, t  n we have
〈
hnαi a
−1
i , xst
〉= n∑
m=1
〈
hnαi , xsm
〉〈
a−1i , xmt
〉
=
n∑
m=1
δs,mα
−nαδi,sβnαδi,mδm,tα−δi,m = δs,tα−nαδi,sβnαδi,sα−δi,s
= δs,tqnαδi,sα−δi,s = δs,tαδi,sα−δi,s = δs,t,
where the second equality follows from the calculations made for hi . Thus, h
nα
i a
−1
i − 1 ∈ Jl for all
1 i  n. By a similar calculation one can show that hnβi b
−1
i − 1 ∈ Jl for all 1 i  n. Indeed, for all
1 s, t  n we have
〈
h
nβ
i b
−1
i , xst
〉= n∑
m=1
〈
h
nβ
i , xsm
〉〈
b−1i , xmt
〉= δs,tα−nβδi,sβnβδi,sβ−δi,s
= δs,tqnβδi,sβ−δi,s = δs,tβδi,sβ−δi,s = δs,t .
Finally, we have to show that Ek, j and Fk, j are in Jl for all 1 j  k < n. Let 1 s, t  n, then
〈Ek, j, xst 〉= ∑
1r1,...,r−1n
〈Ek, j, xs,r1〉〈Ek, j, xr1,r2〉 · · · 〈Ek, j, xr−1,t〉
=
∑
1rmn
(−1)(k− j)α(k−i)δ j,sδk+1,r1δ j,r1δk+1,r2 · · · δ j,r−1δk+1,t
= (−1)(k− j)δs,tδk+1, jδk+1,t = 0,
where the second equality follows from Lemma 3.7(i) and the last one from 1  j  k < n. Hence
Ek, j ∈ Jl for all 1 j  k < n. Moreover,
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1r1,...,r−1n
〈Fk, j, xs,r1〉〈Fk, j, xr1,r2〉 · · · 〈Fk, j, xr−1,t〉
=
∑
1rmn
δk+1,sδ j,r1δk+1,r1δ j,r2 · · · δk+1,r−1δ j,t = δk+1,sδ j,k+1δ j,t = 0,
where the second equality follows from Lemma 3.7(ii) and the last one from 1  j  k < n. Hence
Fk, j ∈ Jl for all 1 j  k < n and thus In ⊆ Jl .
Since O(GL(n))+ ⊆ Jr , there exists a Hopf algebra map ψ¯ : H¯ → Uα,β(gln)◦ such that ψ¯ ◦ π = ψ .
Thus, to prove the last assertion, we need to show that the Im ψ¯ ⊆ tr(uˆα,β(gln)∗). But since In ⊆ Jl ,
it follows that ψ¯(x¯st)(h) = 〈xst ,h〉 = 0 for all h ∈ In and the map ψ¯(x¯st)(−) given by
ψ¯(x¯st)
(
r(h)
)= 〈r(h), x¯st 〉′ = 〈h, xst〉 = ψ¯(x¯st)(h)
deﬁnes an element in uˆα,β(gln)
∗ for all 1 s, t  n. 
5.2.1. Connectedness
The following proposition is a key step for the construction of the quotients. In the case of
one-parameter deformations, this result is well known, see [BG, III.7.10]. In the terminology of
Takeuchi [Tk2], the proposition says that the Hopf algebra H¯ is connected. Since it is ﬁnite-
dimensional this also proves that it is isomorphic to the dual of the restricted (pointed) quantum
group uˆα,β(gln). Since the proof of this fact is rather technical, for the sake of clearness, we divide it
in several lemmata.
Proposition 5.11. ψ¯ : H¯ → uˆα,β(gln)∗ is injective and H¯  uˆα,β(gln)∗ .
As pointed out in the proof of Lemma 5.10, uˆα,β(gln) is the quotient of Uα,β(gln) by the ideal In
generated by the central elements Ek, j,Fk, j,hi −1,hnαi a−1i −1,h
nβ
i b
−1
i −1 with 1 j  k < n, 1 i 
n. Hence, the triangular decomposition (9) of Uα,β(gln) induces a triangular decomposition
uˆα,β(gln) ∼= uˆ−α,β(gln)⊗ uˆ◦α,β(gln)⊗ uˆ+α,β(gln), (17)
where uˆ±α,β(gln) = r(U±α,β(gln)) and uˆ◦α,β(gln) = r(U ◦α,β(gln)), and r is the canonical map, see
Lemmata 5.8 and 5.9. In particular, these subalgebras are generated by {r(ei)}1i<n , {r( f i)}1i<n
and {r(h j)}1 jn , respectively. Take uˆα,β(b+) = r(Uα,β(b+)) and uˆα,β(b−) = r(Uα,β(b−)). These
subalgebras of uˆα,β(gln) are generated by the elements {r(e j), r(w±1j ), r(an)±1 | 1  j < n} and
{r( f j), r((w ′j)±1), r(b±1n ) | 1 j < n}, respectively. Then, by the triangular decomposition (17), the map
given by the multiplication m : uˆα,β(b+)⊗ uˆα,β(b−) → uˆα,β(gln) is surjective. Thus, its transpose
tm : uˆα,β(gln)∗ → uˆα,β
(
b+
)∗ ⊗ uˆα,β(b−)∗ (18)
deﬁnes an injective map.
Let K+ := H¯/π( J+) and K− := H¯/π( J−) (see Section 3.2), and denote by t¯± : H¯ → K± the Hopf
algebra quotients. For example, K+ is generated as an algebra by the elements {x¯i j | 1  i  j  n}
satisfying the relations
x¯i j = δi j for all i  j,
x¯ik x¯i j = α−1x¯i j x¯ik if j < k,
x¯ jk x¯ik = β x¯ik x¯ jk if i < j,
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x¯ jl x¯ik = x¯ik x¯ jl if i < j and k < l.
Moreover, the elements {x¯ii}1in are invertible group-like elements which commute with each other
and the set {∏i< j x¯di ji j ∏i x¯diii | 0  dij,di < } is a linear basis of K+ , for some ﬁxed ordering of {x¯i j |
1 i < j  n}. Thus, by the very deﬁnition of this quotients, there exist surjective Hopf algebra maps
π± : Oα,β(B±) → K± such that the following diagram commutes
Oα,β(GLn)
t±
π
Oα,β(B±)
π±
H¯
t¯±
K±.
(19)
Now let δ¯ := (t¯+ ⊗ t¯−) : H¯ → K+ ⊗ K− . Then the commutativity of diagram (19) implies that the
diagram
Oα,β(GLn) π
δ
H¯
δ¯
Oα,β(B+)⊗ Oα,β(B−)
π+⊗π−
K+ ⊗ K−
(20)
commutes. This implies that δ¯ is injective. Indeed, let h ∈ H¯ and x ∈ Oα,β(GLn) such that π(x) = h. If
δ¯(h) = 0, then
0= (t¯+ ⊗ t¯−)
(
π(x)
)= (t¯+ ⊗ t¯−)(π ⊗π)(x) = (t¯+π ⊗ t¯−π)(x)
= (π+t+ ⊗π−t−)(x) = (π+ ⊗π−)δ(x),
where the fourth and the ﬁfth equalities follow from the commutativity of diagrams (19) and (20).
Thus δ(x) ∈ Kerπ+ ⊗ π− . But since δ is injective by Lemma 3.3, it follows that x ∈ Kerπ and whence
h = 0.
Lemma5.12. There exist Hopf algebramaps ψ¯± : K± → uˆα,β(b±)∗ such that the following diagram commutes
H¯
ψ¯
t¯±
uˆα,β(gln)
∗
K±
ψ¯+
uˆα,β(b±)∗.
(21)
Proof. We prove it only for ψ¯+ since the proof for ψ¯− is completely analogous. Consider x¯i j ∈
π(I+) ⊆ H¯ , that is, i > j. Then ψ¯(x¯i j)(r(u)) = 〈r(u), x¯i j〉′ = 〈u, xij〉 = 0 for all u ∈ uˆα,β(b+), since by
the deﬁnition of the pairing it holds for the generators of this Hopf subalgebra. This implies that there
exists a Hopf algebra map ψ¯+ : K+ → uˆα,β(b+)∗ such that the diagram (21) commutes. 
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technical and its proof involves lots of calculations, but we think the computations cannot be avoid,
which seems to be in general the case in the theory of quantum groups. In order to make the notation
not so heavy, we write also by Ei, j the elements of uˆα,β(b+). To prove it, we apply the method
in [Tk2].
Let M = (Mij)1i, jn and N = (Nij)1i, jn be upper triangular matrices and denote EM =
EMn · · ·EM1 and x¯N = x¯N1 · · · x¯Nn , where EMi = EMinn−1,i · · ·E
Mi+1,i
i,i and x¯
Ni = x¯Niiii · · · x¯
Ni,n
in . Consider the
subalgebras A, B of K+ and U , V of uˆα,β(b+) given by
A = C{x¯i j, x¯−1kk ∣∣ 1< j,k n}, B = C{x¯1, j, x¯−111 ∣∣ 1 j  n},
U = C{wt,Ei, j | 1< j, 1< t}, V = C{Ei,1 | 1 i  n − 1},
where the notation means that the elements are generators. Note that A and U are Hopf subalgebras
and (B) ⊆ B ⊗ K+ , (V ) ⊆ uˆα,β(b+)⊗ V .
Lemma 5.13. For 1 r, s<  and a ∈ A, b ∈ B, u ∈ U and v ∈ V ,
(i) 〈Ern−1,1, x¯s1,nx¯1,ks+1 · · · x¯1,kt 〉 = 〈Ern−1,1, x¯s1,n〉ε(x¯1,ks+1 · · · x¯1,kt ), for all kl = n, with s + 1  l  t and
0 s, where 〈Ern−1,1, x¯s1,n〉 = δr,sβr(r−1)/2〈En−1,1, x¯1,n〉r
∏r−1
j=0Φr− j(α2).
(ii) 〈v,a〉 = ε(v)ε(a) and 〈u,b〉 = ε(u)ε(b).
(iii) 〈EM , x¯N 〉 = λδM,N , where λ is a non-zero scalar.
Proof. (i) First we need to do some computations that will be needed in the sequel. For all 1 
mj  n, 1 j  t we have
(a) 〈En−1,1, x¯1,m1 · · · x¯1,mt 〉 = 〈En−1,1, x¯1,n〉
∑t
i=1 δn,miαi−1
∏
j =i δ1,mj ,
(b) 〈En−1,1, x¯rn,nx¯1,m1 · · · x¯1,mt 〉 = βr〈En−1,1, x¯1,m1 · · · x¯1,mt 〉.
Indeed, for (a) we have
〈En−1,1, x¯1,m1 · · · x¯1,mt 〉
= 〈En−1,1, x¯1,m1〉ε(x¯1,m2 · · · x¯1,mt )+ 〈wn−1,1, x¯1,m1〉〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
+ ζ
n−2∑
j=1
〈En−1, j+1w j,1, x¯1,m1〉〈E j,1, x¯1,m2 · · · x¯1,kt 〉
= δn,m1δ1,m2 · · · δ1,mt 〈En−1,1, x¯1,n〉 + αδ1,m1〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
+ ζ
n−2∑
j=1
(
n∑
k=1
〈En−1, j+1, x¯1,k〉〈w j,1, x¯k,m1〉
)
〈E j,1, x¯1,m2 · · · x¯1,mt 〉
= δn,m1δ1,m2 · · · δ1,mt 〈En−1,1, x¯1,n〉 + αδ1,m1〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
= (δn,m1δ1,m2 · · · δ1,mt + αδ1,m1δn,m2 · · · δ1,mt + α2δ1,m1δ1,m2δn,m3δ1,m4 · · · δ1,mt + · · ·
+ αt−1δ1,m1 · · · δ1,mt−1δn,mt
)〈En−1,1, x¯1,n〉
= 〈En−1,1, x¯1,n〉
t∑
i=1
δn,miα
i−1∏
j =i
δ1,mj ,
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ities. For (b) we have for all r  1 that
〈En−1,1, x¯rn,nx¯1,m1 · · · x¯1,mt 〉
= 〈En−1,1, x¯rn,n〉ε(x¯1,m1 · · · x¯1,mt )+ 〈wn−1,1, x¯rn,n〉〈En−1,1, x¯1,m1 · · · x¯1,mt 〉
+ ζ
n−2∑
j=1
〈En−1, j+1w j,1, x¯rn,n〉〈E j,1, x¯1,m1 · · · x¯1,mt 〉
= 〈En−1,1, x¯rn,n〉ε(x¯1,m1 · · · x¯1,mt )+ βr〈En−1,1, x¯1,m1 · · · x¯1,mt 〉
= βr〈En−1,1, x¯1,m1 · · · x¯1,mt 〉,
where the second and the third equalities follow from the fact that the element x¯n,n is group-like and
the elements Ei, j are nilpotent in uˆα,β(b+).
Now we proceed with the proof. We prove it by induction on s. Suppose ﬁrst that s = 0, then we
have to prove that 〈Ern−1,1, x¯1,k1 · · · x¯1,kt 〉 = 0 for all r  1. The case r = 1 follows from (a), since k j = n
for all 1 j  t . Let r > 1, then
〈Ern−1,1, x¯1,k1 · · · x¯1,kt 〉
=
n∑
mj=1
〈En−1,1, x¯1,m1 · · · x¯1,mt 〉
〈Er−1n−1,1, x¯m1,k1 · · · x¯mt ,kt 〉
=
n∑
mj=1
(
〈En−1,1, x¯1,m1〉ε(x¯1,m2 · · · x¯1,mt )+ 〈wn−1,1, x¯1,m1〉〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
+ ζ
n−2∑
j=1
〈En−1, j+1w j,1, x¯1,m1〉〈E j,1, x¯1,m2 · · · x¯1,mt 〉
)〈Er−1n−1,1, x¯m1,k1 · · · x¯mt ,kt 〉
=
n∑
mj=1
〈En−1,1, x1,m1〉ε(x¯1,m2 · · · x¯1,mt )
〈Er−1n−1,1, x¯m1,k1 · · · x¯mt ,kt 〉
+
n∑
mj=1
〈wn−1,1, x1,m1〉〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
〈Er−1n−1,1, x¯m1,k1 · · · x¯mt ,kt 〉
= (−1)n−2α2−n〈Er−1n−1,1, x¯n,k1 x¯1,k2 · · · x¯1,kt 〉
+
n∑
mj=1
α〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
〈Er−1n−1,1, x¯1,k1 x¯m2,k2 · · · x¯mt ,kt 〉
=
n∑
mj=1
α〈En−1,1, x¯1,m2 · · · x¯1,mt 〉
〈Er−1n−1,1, x¯1,k1 x¯m2,k2 · · · x¯mt ,kt 〉
= α〈En−1,1, x¯1,n〉
(
α
〈Er−1n−1,1, x¯1,k1 x¯n,k2 x¯1,k3 · · · x¯mt ,kt 〉+ · · ·
+ αt−2〈Er−1n−1,1, x¯1,k1 x¯1,k2 · · · x¯1,kt−1 x¯n,kt 〉)= 0,
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the ﬁfth from the fact that x¯n,k1 = 0, because k1 = n, the sixth by (a) and the last equality from the
fact that x¯n,k j = 0 because k j = n. Now let s> 0. For r = 1 we have that
〈En−1,1, x¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
= 〈En−1,1, x¯1,n〉ε
(
x¯s−11,n x¯1,ks+1 · · · x¯1,kt
)+ 〈wn−1,1, x¯1,n〉〈En−1,1, x¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
+ ζ
n−2∑
j=1
〈En−1, j+1w j,1, x¯1,n〉
〈E j,1, x¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
= 〈En−1,1, x¯1,n〉δs,1ε(x¯1,ks+1 · · · x¯1,kt )
+ ζ
n−2∑
j=1
(
n∑
m=1
〈En−1, j+1, x¯1,m〉〈w j,1, x¯m,n〉
)〈E j,1, x¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
= 〈En−1,1, x¯1,n〉δs,1ε(x¯1,ks+1 · · · x¯1,kt ) =
〈En−1,1, x¯s1,n〉ε(x¯1,ks+1 · · · x¯1,kt ),
where the last equality follows from part (i). Assume now that r > 1 and s> 1. Then
〈Ern−1,1, x¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
=
n∑
mj=1
〈En−1,1, x¯1,m1 · · · x¯1,mt 〉
〈Er−1n−1,1, x¯m1,n · · · x¯ms,nx¯ms+1,ks+1 · · · x¯mt ,kt 〉
= 〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯n,nx¯1,n · · · x¯1,nx¯1,ks+1 · · · x¯1,kt 〉
+ α〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯1,nx¯n,nx¯1,n · · · x¯1,nx¯1,ks+1 · · · x¯1,kt 〉+ · · ·
+ αs〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯1,nx¯1,n · · · x¯1,nx¯n,ks+1 · · · x¯1,kt 〉+ · · ·
+ αt−1〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯1,nx¯1,n · · · x¯1,nx¯1,ks+1 · · · x¯n,kt 〉
= 〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯n,nx¯1,n · · · x¯1,nx¯1,ks+1 · · · x¯1,kt 〉
+ α〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯1,nx¯n,nx¯1,n · · · x¯1,nx¯1,ks+1 · · · x¯1,kt 〉+ · · ·
+ αs−1〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯1,nx¯1,n · · · x¯n,nx¯1,ks+1 · · · x¯1,kt 〉
= 〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
+ α2〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉+ · · ·
+ α2(s−1)〈En−1,1, x¯1,n〉
〈Er−1n−1,1, x¯n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
= Φs
(
α2
)〈En−1,1, x¯1,n〉〈Er−1n−1,1, x¯n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉,
where the second equality follows by (a), the third from k j = n for all s + 1  j  t and the fourth
from the commuting relations of x¯i, j . But
〈Ern−1,1, x¯n,nx¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
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n∑
mj=1
〈En−1,1, x¯n,m0 x¯1,m1 · · · x¯1,mt 〉
· 〈Er−1n−1,1, x¯m0,nx¯m1,n · · · x¯ms,nx¯ms+1,ks+1 · · · x¯mt ,kt 〉
=
n∑
mj=1
〈En−1,1, x¯n,nx¯1,m1 · · · x¯1,mt 〉
· 〈Er−1n−1,1, x¯n,nx¯m1,n · · · x¯ms,nx¯ms+1,ks+1 · · · x¯mt ,kt 〉
=
n∑
mj=1
β〈En−1,1, x¯1,m1 · · · x¯1,mt 〉
· 〈Er−1n−1,1, x¯n,nx¯m1,n · · · x¯ms,nx¯ms+1,ks+1 · · · x¯mt ,kt 〉
= β〈En−1,1, x¯1,n〉
(〈Er−1n−1,1, x¯2n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
+ α2〈Er−1n−1,1, x¯2n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉+ · · ·
+ α2(s−1)〈Er−1n−1,1, x¯2n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉)
= β〈En−1,1, x¯1,n〉Φs
(
α2
)〈Er−1n−1,1, x¯2n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉,
where the fourth equality follows from (a) and the commuting relations of the elements x¯i, j . Follow-
ing in this way we get for mmin(r, s)+ 1 that
〈Ern−1,1, x¯n,nx¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
= βm(m+1)/2〈En−1,1, x¯1,n〉m
m−1∏
j=0
Φs− j
(
α2
)〈Er−mn−1,1, x¯m+1n,n x¯s−m1,n x¯1,ks+1 · · · x¯1,kt 〉.
If r < s, then taking m = r − 1 we get by (b), (a) and k j = n that
〈Ern−1,1, x¯n,nx¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
= β(r−1)r/2〈En−1,1, x¯1,n〉r−1
r−2∏
j=0
Φs− j
(
α2
)〈En−1,1, x¯rn,nx¯s−r+11,n x¯1,ks+1 · · · x¯1,kt 〉
= β(r−1)r/2〈En−1,1, x¯1,n〉r−1
r−2∏
j=0
Φs− j
(
α2
)
βr
〈En−1,1, x¯s−r+11,n x¯1,ks+1 · · · x¯1,kt 〉
= 0.
If s< r then taking m = s we get again by (b), (a) and k j = n that
〈Ern−1,1, x¯n,nx¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
= βs(s+1)/2〈En−1,1, x¯1,n〉s
s−1∏
j=0
Φs− j
(
α2
)〈Er−sn−1,1, x¯sn,nx¯1,ks+1 · · · x¯1,kt 〉
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s−1∏
j=0
Φs− j
(
α2
) n∑
mj=1
〈En−1,1, x¯sn,nx¯1,ms+1 · · · x¯1,mt 〉
· 〈Er−s−1n−1,1 , x¯sn,nx¯ms+1,ks+1 · · · x¯mt ,kt 〉
= βs(s+1)/2〈En−1,1, x¯1,n〉s
s−1∏
j=0
Φs− j
(
α2
) n∑
mj=1
βs〈En−1,1, x¯1,ms+1 · · · x¯1,mt 〉
· 〈Er−s−1n−1,1 , x¯sn,nx¯ms+1,ks+1 · · · x¯mt ,kt 〉= 0.
Finally, if r = s, taking m = r − 1 we get by (b), (a) and k j = n that
〈Ern−1,1, x¯n,nx¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
= β(r−1)r/2〈En−1,1, x¯1,n〉r−1
r−2∏
j=0
Φr− j
(
α2
)〈En−1,1, x¯rn,nx¯1,nx¯1,ks+1 · · · x¯1,kt 〉
= β(r−1)r/2〈En−1,1, x¯1,n〉r−1
r−2∏
j=0
Φr− j
(
α2
)
βr〈En−1,1, x¯1,nx¯1,ks+1 · · · x¯1,kt 〉
= β(r+1)r/2〈En−1,1, x¯1,n〉r
r−2∏
j=0
Φr− j
(
α2
)
ε(x¯1,ks+1 · · · x¯1,kt ).
Hence, it follows that
〈Ern−1,1, x¯s1,nx¯1,ks+1 · · · x¯1,kt 〉
= Φs
(
α2
)〈En−1,1, x¯1,n〉〈Er−1n−1,1, x¯n,nx¯s−11,n x¯1,ks+1 · · · x¯1,kt 〉
= δr,sβr(r−1)/2〈En−1,1, x¯1,n〉r
r−1∏
j=0
Φr− j
(
α2
)
ε(x¯1,ks+1 · · · x¯1,kt ).
Finally, a direct computation shows that
〈Ern−1,1, x¯r1,n〉= βr(r−1)/2〈En−1,1, x¯1,n〉r
r−1∏
j=0
Φr− j
(
α2
)
.
(ii) Clearly, it is enough to prove it on the generators. By Lemma 3.7(i) we have for all 1< i  j  n
and 1  k  n − 1 that 〈Ek,1, x¯i, j〉 = 0 = ε(Ek,1)ε(x¯i, j). The proof of the other equality is completely
analogous.
(iii) We prove it by induction on n. By (ii) and the paragraph before the lemma we have
〈EM , x¯N 〉= 〈EMn · · ·EM1 , x¯N1 · · · x¯Nn 〉
= 〈(EMn · · ·EM1)
(1), x¯
N1
〉〈(EMn · · ·EM1)
(2), x¯
N2 · · · x¯Nn 〉
= 〈(EMn) · · · (EM1) , x¯N1 〉〈(EMn) · · · (EM1) , x¯N2 · · · x¯Nn 〉
(1) (1) (2) (2)
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(1) · · ·
(EM1)
(1), x¯
N1
〉
· 〈(EMn)
(2) · · ·
(EM2)
(2),
(
x¯N2 · · · x¯Nn)
(1)
〉
· 〈(EM1)
(2),
(
x¯N2 · · · x¯Nn)
(2)
〉
= 〈(EMn)
(1) · · ·
(EM1)
(1), x¯
N1
〉〈(EMn)
(2) · · ·
(EM2)
(2), x¯
N2 · · · x¯Nn 〉ε((EM1)
(2)
)
= 〈(EMn)
(1) · · ·
(EM2)
(1),
(
x¯N1
)
(1)
〉〈(EM1)
(1),
(
x¯N1
)
(2)
〉
· 〈(EMn)
(2) · · ·
(EM2)
(2), x¯
N2 · · · x¯Nn 〉ε((EM1)
(2)
)
= ε((EMn)
(1) · · ·
(EM2)
(1)
)
ε
((
x¯N1
)
(1)
)〈EM1 , (x¯N1)
(2)
〉
· 〈(EMn)
(2) · · ·
(EM2)
(2), x¯
N2 · · · x¯Nn 〉
= 〈EM1 , x¯N1 〉〈EMn · · ·EM2 , x¯N2 · · · x¯Nn 〉.
Thus, by induction we need only to evaluate the ﬁrst factor
〈EM1 , x¯N1 〉= 〈EM1,nn−1,1 · · ·EM1,21,1 , x¯N1111 · · · x¯N1n1n 〉. (22)
But
〈EM1,nn−1,1 · · ·EM1,21,1 , x¯N1111 · · · x¯N1n1n 〉
= α
∑
r<s N1r N1s
〈EM1,nn−1,1 · · ·EM1,21,1 , x¯N1n1n · · · x¯N1111 〉
= α
∑
r<s N1r N1s
〈EM1,nn−1,1, (x¯N1n1n )(1) · · · (x¯N1111 )(1)〉
· 〈EM1,n−1n−2,1 · · ·EM1,21,1 , (x¯N1n1n )(2) · · · (x¯N1111 )(2)〉.
Since 〈Ek,1, x¯ln〉 = 0 = ε(Ek,1)ε(x¯ln) for all k < n− 1 and 1 l n we obtain by (i) that
〈EM1,nn−1,1 · · ·EM1,21,1 , x¯N1111 · · · x¯N1n1n 〉
= α
∑
r<s N1r N1s
〈EM1,nn−1,1, (x¯N1n1n )(1) · · · (x¯N1111 )(1)〉ε((x¯N1n1n )(2))
· 〈EM1,n−1n−2,1 · · ·EM1,21,1 , (x¯N1n−11n−1 )(2) · · · (x¯N1111 )(2)〉
= α
∑
r<s N1r N1s
〈EM1,nn−1,1, x¯N1n1n (x¯N1n−11n−1 )(1) · · · (x¯N1111 )(1)〉
· 〈EM1,n−1n−2,1 · · ·EM1,21,1 , (x¯N1n−11n−1 )(2) · · · (x¯N1111 )(2)〉
= α
∑
r<s N1r N1s
〈EM1,nn−1,1, x¯N1n1n 〉〈EM1,n−1n−2,1 · · ·EM1,21,1 , x¯N1n−11n−1 · · · x¯N1111 〉.
Then the claim follows by the induction hypothesis and item (i). 
In view of Lemma 5.13(iii), the proof of the following lemma is completely analogous to [Tk,
Theorem 4.3].
Lemma 5.14. ψ¯+ and ψ¯− are injective.
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in the kernel of ψ¯+ . By multiplying by a suitable power of x¯11 · · · x¯nn , we may assume that Nij ∈ N0
for all 1 i  j  n with cN = 0. Now choose an element M among N such that cM = 0 and M11 +
M12 + · · · + Mnn has the largest value. Then by Lemma 5.13(iii),
0= ψ¯+
(∑
cN x¯
N
)(EM)= 〈EM ,∑ cN x¯N 〉= cM ,
a contradiction. Thus ψ¯+ is injective. 
Proof of Proposition 5.11. By the deﬁnition of the maps, we have the diagram
H¯
δ¯
ψ¯
K+ ⊗ K−
ψ¯+⊗ψ¯−
uˆα,β(gln)
∗ tm uˆα,β(b+)∗ ⊗ uˆα,β(b−)∗,
which is commutative. By Lemma 5.14, ψ¯+ and ψ¯− are injective, then ψ¯+ ⊗ ψ¯− is injective. Since
tm and δ¯ are injective by (18) and (20), it follows that ψ¯ is also injective. Since both Hopf algebras
have the same dimension by Proposition 5.1(iii) and Lemma 5.9, it follows that ψ¯ is an isomor-
phism. 
Using Corollary 5.3 we get the following corollary.
Corollary 5.15. (O(GLn),Oα,β(GLn), uˆα,β(gln)∗) is a PI-Hopf triple and one has the central extension of Hopf
algebras
1 → O(GLn) ι−→ Oα,β(GLn) π−→ uˆα,β(gln)∗ → 1. (23)
5.3. Construction of the quotients
In this subsection we perform the construction of the quotients of Oα,β(GLn), as in [AG2]. By
Corollary 5.15, Oα,β(GLn) ﬁts into a central exact sequence
1 → O(GLn) ι−→ Oα,β(GLn) π−→ uˆα,β(gln)∗ → 1.
Let ϕ : Oα,β(GLn) → A be a surjective Hopf algebra map. The Hopf subalgebra K = ϕ(O(GLn)) is
central in A and whence A is an H-extension of K , where H is the Hopf algebra H = A/AK+ . In-
deed, by Lemma 2.7(i), Oα,β(GLn) is noetherian and whence A is also noetherian. Then by [Sch2,
Theorem 3.3], A is faithfully ﬂat over every central Hopf subalgebra; in particular over K , and the
claim follows directly from [Mo, Proposition 3.4.3]. Since K is a quotient of O(GLn), there is an alge-
braic group Γ and an injective map of algebraic groups σ : Γ → GLn such that K  O(Γ ). Moreover,
since ϕ(Oα,β(GLn)O(GLn)+) = AK+ , we have Oα,β(GLn)O(GLn)+ ⊆ Ker πˆϕ , where πˆ : A → H is the
canonical projection. Since uˆα,β(gln)
∗  Oα,β(GLn)/[Oα,β(GLn)O(G)+] by Proposition 5.11, there is a
surjective map r : uˆα,β(gln)∗ → H and the following diagram
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ι
tσ
Oα,β(GLn) π
ϕ
uˆα,β(gln)
∗
r
1
1 O(Γ ) ιˆ A πˆ H 1
(24)
is commutative. Therefore, every quotient of Oα,β(GLn) ﬁts into a similar diagram and can be con-
structed using central extensions. As in [AG2] we construct the quotients in three steps.
5.3.1. First step
The surjective map r : uˆα,β(gln)∗ → H induces an injective Hopf algebra map tr : H∗ → uˆα,β(gln).
Denote also by H∗ the Hopf subalgebra of uˆα,β(gln) given by the image of tr. Since uˆα,β(gln) is
ﬁnite-dimensional and pointed by Lemma 5.9, by [AG2, Corollary 1.12] – see also [CM,MuI] – the
Hopf subalgebras of uˆα,β(gln) are parameterized by triples (Σ, I+, I−) where Σ is a subgroup of
T := G(uˆα,β(gln))  (Z/Z)n ,
I+ =
{
i
∣∣ ei ∈ H∗, 1 i < n} and I− = {i ∣∣ f i ∈ H∗, 1 i < n},
such that wi = hnαi h
nβ
i+1 ∈ Σ if i ∈ I+ and w ′j = hnαj+1h
nβ
j ∈ Σ if j ∈ I− .
5.3.1.1. The Hopf subalgebras Uα,β(l) of Uα,β(gln) and uˆα,β(l) of uˆα,β(gln).
Deﬁnition 5.16. For every triple (Σ, I+, I−) deﬁne Uα,β(l) to be the subalgebra of Uα,β(gln) generated
by the elements
{
ak,a
−1
k ,bk,b
−1
k , ei, f j
∣∣ 1 k n, i ∈ I+, j ∈ I−}.
Note that Uα,β(l) does not depend on Σ . With this deﬁnition, the following proposition is clear.
Proposition 5.17. Uα,β(l) is a Hopf subalgebra of Uα,β(gln).
Let In be the Hopf ideal of Uα,β(gln) given by Theorem 5.4(ii) and deﬁne Jn = In ∩Uα,β(l). Clearly,
Jn is a Hopf ideal of Uα,β(l) and the quotient deﬁnes the Hopf algebra uα,β(l) = Uα,β(l)/ Jn such that
the diagram
Uα,β(l) Uα,β(gln)
uα,β(l)
j
uα,β(gln)
commutes, where j : uα,β(l) → uα,β(gln) is given by j(a+ Jn) = a+ In for all a ∈ Uα,β(l). Clearly, j is
a well-deﬁned Hopf algebra map that makes the diagram commute. Moreover, it is injective since
j(a + Jn) = 0 if and only if a ∈ In ∩ Uα,β(l) = Jn .
Recall that uˆα,β(gln) is the Hopf algebra given by uα,β(gln)/I , where I is the ideal generated by
the central group-likes {hnαi a−1i − 1,h
nβ
i b
−1
i − 1 | 1  i  n}. Then, J := I ∩ uα,β(l) is a Hopf ideal
of uα,β(l). Thus we deﬁne
uˆα,β(l) := uα,β(l)/J (25)
to be the ﬁnite-dimensional Hopf algebra given by the quotient.
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is a subgroup. Since Uα,β(l) is determined by I+ and I− , then clearly uˆα,β(l) is the Hopf subalgebra
of uˆα,β(gln) that corresponds to the triple (T, I+, I−).
5.3.1.2. The quantized coordinate algebra Oα,β(L). In this subsection we construct the quantum groups
Oα,β(L) associated to the triple (T, I+, I−). Since the pairing between Uα,β(gln) and Oα,β(GLn) is
degenerate, we cannot follow directly the construction made in [AG2, 2.1.3]. The advantage here is
that the Hopf algebra Oα,β(GLn) is given by generators and relations. This allows us to give an explicit
construction of Oα,β(L). This construction can be already seen in the work of Müller [Mu2,MuI] but
without mention of the triple. For every triple (T, I+, I−) deﬁne the sets
I+ =
{
(i, j)
∣∣ i  k < j, k /∈ I+}, I− = {(i, j) ∣∣ j  k < i, k /∈ I−}, (26)
and let I be the two-sided ideal of Oα,β(GLn) generated by the elements {xi, j | (i, j) ∈ I+ ∪I−}. Then
I is a Hopf ideal and one has the central sequence of Hopf algebras
1 O(GLn)/J Oα,β(GLn)/I H¯/π(I) 1, (27)
where J = I ∩ O(GLn) and π(I) are Hopf ideals of O(GLn) and H¯  uˆα,β(l)∗ , respectively.
Lemma 5.18.
(a) J is the ideal of O(GLn) generated by the elements {xi, j | (i, j) ∈ I+ ∪ I−}.
(b) H¯/π(I)  uˆα,β(l)∗ .
(c) The sequence (27) is exact and ﬁts into the commutative diagram
1 O(GLn) Oα,β(GLn)
π
Res
uˆα,β(gln)
∗
res
1
1 O(GLn)/J Oα,β(GLn)/I
πL
uˆα,β(l)∗ 1
(28)
(d) The Hopf algebra surjection πL admits a coalgebra section γL .
Proof. (a) By Proposition 5.1, we identify O(GLn) with its image under F#; that is, it is the Hopf
subalgebra generated by the elements {xi j | 1  i, j  n}. Then J = I ∩ O(GLn) is contained in the
image of F#, which is an algebra map and whence J is generated by the elements {xi j | (i, j) ∈I+ ∪ I−}.
(b) By deﬁnition, π(I) is the Hopf ideal of H¯ generated by the elements {x¯i, j | (i, j) ∈ I+ ∪ I−}.
Thus the Hopf algebra H¯/π(I) has a basis given by
{∏
i, j
x¯
ei j
i j
∣∣∣ (i, j) /∈ I+ ∪ I−, 0 eij < 
}
, (29)
see [DPW, Proposition 3.5]. In particular, dim H¯/π(I) = n2−|I+∪I−| . Denote by res : uˆα,β(gln)∗ →
uˆα,β(l)∗ the surjective map induced by the inclusion j : uˆα,β(l) → uˆα,β(gln), which is simply the
restriction. Then by Proposition 5.11, we have for all xi, j such that (i, j) ∈ I+ ∪ I− that res(x¯i j)(h) =
x¯i j( j(h)) = 0 for all h ∈ uˆα,β(l), since uˆα,β(l) is determined by the triple (T, I+, I−). Thus there exists a
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it follows that p is an isomorphism.
(c) Since O(GLn)/J is central in Oα,β(GLn)/I and Oα,β(GLn)/I is noetherian, by [Sch2, Theo-
rem 3.3] Oα,β(GLn)/I is faithfully ﬂat over O(GLn)/J and by [Mo, Proposition 3.4.3] we have the
central exact sequence
1 O(GLn)/J Oα,β(GLn)/I K 1,
where K is the Hopf algebra given by the quotient
K = (Oα,β(GLn)/I)/[(O(GLn)/J )+(Oα,β(GLn)/I)].
But since (O(GLn)/J )+(Oα,β(GLn)/I) = (O(GLn)+Oα,β(GLn))/I , it follows that K  H¯/π(I) 
uˆα,β(l)∗ . Thus we have the central exact sequence
1 O(GLn)/J Oα,β(GLn)/I
πL
uˆα,β(l)∗ 1.
To see that the above exact sequence ﬁts into the commutative diagram, we need only to show that
resπ = πL Res. But for all x ∈ Oα,β(GLn) we have πL Res(x) = πL(x+ I) = π(x)+π(I) = res(π(x)).
(d) Using that the set in (29) is a basis of H¯/π(I), we deﬁne as in Corollary 5.2 the linear map
γ˜L : H¯/π(I) → Oα,β(L) by γ˜L(∏i, j x¯ei ji j ) =∏i, j xei ji j . Clearly, γ˜L is a linear section of πL . Again, a direct
calculation shows that γ˜L is also a coalgebra map. Finally, since H¯/π(I)  uˆα,β(l)∗ , the morphism γL
given by the composition of γ˜L and this isomorphism give the desired coalgebra section. 
Remark 5.19. Since O(GLn)/J is a commutative Hopf algebra which is a quotient of O(GLn), there
exists an algebraic subgroup L of GLn such that O(GLn)/J  O(L). Moreover, by the lemma above, we
know that this subgroup is given by the set of complex matrices M = (mij) of GLn such that mij = 0
if (i, j) ∈ I+ ∪ I− .
We set then
Oα,β(L) := Oα,β(GLn)/I. (30)
Consequently, we can re-write the commutative diagram (28) as
1 O(GLn) Oα,β(GLn)
π
Res
uˆα,β(gln)
∗
res
1
1 O(L) Oα,β(L)
πL
uˆα,β(l)∗ 1.
(31)
5.3.2. Second step
In this subsubsection we apply a previous result of [AG2] on quantum subgroups given by a
pushout construction, to perform the second step of the construction.
Fix a triple (T, I+, I−) and let L be the algebraic group associated to this triple as above, see
Remark 5.19. Let Γ be an algebraic group and σ : Γ → GLn be an injective homomorphism of algebraic
groups such that σ(Γ ) ⊆ L. Then we have a surjective Hopf algebra map tσ : O(L) → O(Γ ). Applying
the pushout construction given by Proposition 2.3, we obtain a Hopf algebra Al,σ which is part of an
exact sequence of Hopf algebras and ﬁts into the following commutative diagram
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Res
uˆα,β(gln)
∗
res
1
1 O(L)
tσ
ιL Oα,β(L)
πL
ν
uˆα,β(l)∗ 1
1 O(Γ )
j
Al,σ
π¯
uˆα,β(l)∗ 1.
(32)
In particular, if Γ is ﬁnite then dim Al,σ = |Γ |dim uˆα,β(l) = |Γ |n2−|I+∪I−| , see [AG2, Re-
mark 2.11].
5.3.3. Third step
In this subsubsection we make the third and last step of the construction. As in [AG2], it con-
sists essentially on taking a quotient by a Hopf ideal generated by differences of central group-like
elements of Al,σ .
Recall that from the beginning of this section we ﬁxed a surjective Hopf algebra map
r : uˆα,β(l)∗ → H and H∗ is determined by the triple (Σ, I+, I−). Since the Hopf subalgebra uˆα,β(l)
is determined by the triple (T, I+, I−) with T ⊇ Σ , we have that H∗ ⊆ uˆα,β(l) ⊆ uˆα,β(gln). Denote by
v : uˆα,β(l)∗ → H the surjective Hopf algebra map induced by this inclusion.
Remark 5.20. By deﬁnition, T is the group generated by the group-like elements hi , 1 i  n. Let δ j ,
1 j  n denote the characters on T given by δ j(hi) = qδi, j , where q = α−1β is a primitive -th root
of unity which is ﬁxed. By Lemma 5.10 and Proposition 5.11 we know that
〈x¯ j j,hi〉 =
〈
x¯ j j,a
−1
i bi
〉= 〈x¯ j j,a−1i 〉〈x¯ j j,bi〉 = α−δi, jβδi, j = qδi, j .
Thus, if we restrict 〈x¯ j j,−〉 to T, we may identify x¯ j j = δ j for all 1 i  n.
Let TI be the subgroup of T generated by the elements {wi,w ′j: i ∈ I+, j ∈ I−} and denote by
ρ : Tˆ → Σˆ , ρI : Tˆ → TˆI the group homomorphisms between the character groups induced by the
inclusions. Set N = Kerρ and MI = KerρI .
The following lemma is analogous to [AG2, Lemma 2.14].
Lemma 5.21.
(a) Every χ of MI deﬁnes an element χ¯ of G(uˆα,β(l)∗) which is central. In particular, since N ⊆ MI , χ¯ ∈
G(uˆα,β(l)∗)∩ Z(uˆα,β(l)∗) for all χ ∈ N.
(b) H  uˆα,β(l)∗/(χ¯ − 1 | χ ∈ N).
Proof. (a) Let χ ∈ MI and deﬁne χ¯ ∈ G(uˆα,β(l)∗) on the generators of uˆα,β(l) by
χ¯ (ei) = 0, χ¯ ( f j) = 0 and χ¯ (hk) = χ(hk) for all i ∈ I+, j ∈ I−.
To see that this is well deﬁned, it is enough to show that
χ¯ (ei f i − f iei) = 1 χ¯ (aibi+1 − ai+1bi) for all i ∈ I+ ∩ I−.
α − β
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now that χ¯ is central. Since uˆα,β(l) admits a triangular decomposition which is induced by the trian-
gular decomposition of uˆα,β(gln), we may assume that an element of uˆα,β(l) is a linear combination
of elements of the form hm with h ∈ T and m is a product of some powers of the elements ei , i ∈ I+
and f j , j ∈ I− . Let θ ∈ uˆα,β(l)∗ , then
χ¯θ(hm) = χ¯ (hm(1))θ(hm(2)) = χ¯ (h)χ¯(m(1))θ(hm(2))
= χ(h)(m(1))θ(hm(2)) = χ(h)θ(hm) and
θχ¯(hm) = θ(hm(1))χ¯ (hm(2)) = θ(hm(1))χ¯ (h)χ¯ (m(2))
= θ(hm(1))χ(h)(m(2)) = χ(h)θ(hm),
which implies that χ¯ is central.
(b) By (a) we know that χ¯ is a central group-like element of uˆα,β(l)∗ for all χ ∈ N . Hence the
quotient uˆα,β(l)∗/(χ¯ − 1 | χ ∈ N) is a Hopf algebra.
On the other hand, we know that H∗ is determined by the triple (Σ, I+, I−) and consequently
H∗ is included in uˆα,β(l). If we denote v : uˆα,β(l)∗ → H the surjective map induced by this inclusion,
we have that Ker v = { f ∈ u(l)∗: f (h) = 0, ∀h ∈ H∗}. But χ¯ − 1 ∈ Ker v for all χ ∈ N , by deﬁnition.
Hence there exists a surjective Hopf algebra map
γ : uˆα,β(l)∗/(χ¯ − 1 | χ ∈ N) H .
But by the proof of Lemma 5.18 and the fact that uˆα,β(l) has a PBW-basis we have that
dim H = |I+|+|I−||Σˆ | = |I+|+|I−| 
n
|N| = dim
(
uˆα,β(l)
∗/(χ¯ − 1 | χ ∈ N)),
which implies that γ is an isomorphism. 
Before going on with the construction we need the following technical lemma. Let X = {χ¯ |
χ ∈ MI } be the set of central group-like elements of uˆα,β(l)∗ given by Lemma 5.21.
Lemma 5.22. There exists a subgroup Z := {∂m | m ∈ MI } of G(Al,σ ) isomorphic to X consisting of central
elements.
Proof. By Lemma 5.18(d), we know that there exists a coalgebra section γL : uˆα,β(l)∗ → Oα,β(L).
Then, we obtain the group of group-like elements given by Y = {γL(χ¯ ) | χ ∈ MI } in Oα,β(L). Let
d = x¯11 x¯22 · · · x¯nn ∈ Oα,β(L) and denote πL(d) = D . By Remark 5.20 we know that each χ¯ ∈ MI ⊆ T 
(Z/Z)n corresponds to an element Dm with m ∈ (Z/Z)n . By abuse of notation we write χ¯ = Dm
with m ∈ MI . Then using the deﬁnition of γL and the elements dm , m ∈ MI , it can be seen that the
elements of Y are central and can be described as Y= {dm |m ∈ MI }.
Since the map ν : Oα,β(L) → Al,σ given by the pushout construction is surjective, the image of Y
deﬁnes a group of central group-likes in Al,σ :
Z= {∂m = ν(dm) ∣∣m ∈ MI}.
Besides, |Z| = |Y| = |X| = |MI |. Indeed, π¯ (Z) = π¯ν(Y) = πL(Y) = πLγL(X) = X since the diagram (32)
is commutative and πLγL = id. Hence |π¯ (Z)| = |X|, from which the assertion follows. 
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our ﬁrst main result, which is needed to prove Theorem 1.
Theorem 5.23. Let D = (I+, I−,N,Γ,σ , δ) be a subgroup datum. Then there exists a Hopf algebra AD which
is a quotient of Oα,β(GLn) and ﬁts into the central exact sequence
1 → O(Γ ) ιˆ−→ AD πˆ−→ H → 1.
Concretely, AD is given by the quotient Al,σ / Jδ where Jδ is the two-sided ideal generated by the set
{∂ z − δ(z) | z ∈ N} and the following diagram of exact sequences of Hopf algebras is commutative
1 O(GLn)
ι
res
Oα,β(GLn) π
Res
uˆα,β(gln)
∗
p
1
1 O(L)
tσ
ιL Oα,β(L)
πL
ν
uˆα,β(l)∗ 1
1 O(Γ )
j
Al,σ
π¯
t
uˆα,β(l)∗
v
1
1 O(Γ ) ιˆ AD
πˆ
H 1.
(33)
Proof. By Remark 5.20, N determines a subgroup Σ of T and the triple (Σ, I+, I−) gives rise to
a surjective Hopf algebra map r : u(g)∗ → H . Since σ : Γ → L ⊆ G is injective, by the ﬁrst two
steps developed before one can construct a Hopf algebra Al,σ which is a quotient of Oα,β(GLn) and
an extension of O(Γ ) by uˆα,β(l)∗ , where uˆα,β(l) is the Hopf subalgebra of u(g) associated to the
triple (T, I+, I−). Moreover, by Lemma 5.21(b) and the proof of Lemma 5.22, H is the quotient of
uˆα,β(l)∗ by the two-sided ideal (Dm − 1 | m ∈ N). If δ : N → Γˆ is a group map, then the elements
δ(m) are central group-like elements in Al,σ for all m ∈ N , and the two-sided ideal Jδ of Al,σ gen-
erated by the set {∂m − δ(m) | m ∈ N} is a Hopf ideal, because by Lemma 5.22 the elements ∂m
are central. Hence, by [Mu2, Proposition 3.4(c)] the following sequence is exact 1 → O(Γ )/Jδ →
Al,σ / Jδ → u(l)∗/π¯( Jδ) → 1, where Jδ = Jδ ∩ O(Γ ). Since π¯ (∂m) = Dm and π¯ (δ(m)) = 1 for all
m ∈ N , we have that π¯ ( Jδ) is the two-sided ideal of uˆα,β(l)∗ given by (Dm − 1 | m ∈ N), which im-
plies by Lemma 5.21(b) that uˆα,β(l)∗/π¯(Jδ) = H . Hence, if we denote AD := Al,σ / Jδ , we can re-write
the exact sequence of above as
1 → O(Γ )/Jδ → AD → H → 1.
To ﬁnish the proof it is enough to see that Jδ = Jδ ∩ O(Γ ) = 0, and this can be proved exactly as it
was proved in [AG2, Theorem 2.17]. 
5.4. Characterization of the quotients
Let θ : Oα,β(GLn) → A be a surjective Hopf algebra map. In the following we prove that A  AD
as Hopf algebras for some subgroup datum D.
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1 O(GLn)
ι
tσ
Oα,β(GLn) π
θ
uˆα,β(gln)
∗
r
1
1 O(Γ ) ιˆ A πˆ H 1,
(34)
where σ : Γ → GLn is an injective map of algebraic groups and H∗ is a Hopf subalgebra of uˆα,β(gln)
determined by a triple (Σ, I+, I−). Let N correspond to Σ as in the paragraph before Lemma 5.21. Our
aim is to show that there exists δ such that A  AD for the subgroup datum D = (I+, I−,N,Γ,σ , δ).
Recall from Section 5.3.1 the deﬁnition of the Hopf subalgebra uˆα,β(l) of uˆα,β(gln) given by the sets
I+ and I− . In particular, H∗ ⊆ uˆα,β(l) ⊆ uˆα,β(gln). Denote by v : uˆα,β(l)∗ → H the surjective Hopf
algebra map induced by the inclusion. The following lemma is crucial for the determination of the
quantum subgroups; see [AG2, Lemma 3.1].
Lemma 5.24. There exist Hopf algebra maps u,w such that the following diagram with exact rows commutes.
In particular, σ(Γ ) ⊆ L ⊆ GLn.
1 O(GLn)
ι
tσ
res
Oα,β(GLn) π
Res
θ
uˆα,β(gln)
∗
p
r
1
1 O(L)
u
ιL Oα,β(L)
πL
w
uˆα,β(l)∗
v
1
1 O(Γ ) ιˆ A πˆ H 1.
Proof. To show the existence of the maps u and w it is enough to show that KerRes ⊆ Ker θ , since
u is simply wιL . This clearly implies that vπL = πˆw .
By (30) we know that KerRes = I , where I is the two-sided ideal of Oα,β(GLn) generated by the
elements {xi, j | (i, j) ∈ I+ ∪ I−} and
I+ =
{
(i, j)
∣∣ i  k < j, k /∈ I+} and I− = {(i, j) ∣∣ j  k < i, k /∈ I−}.
Then πˆ (θ(x)) = rπ(x) = vpπ(x) = vπL Res(x) = 0 for all x ∈ I , and this implies for all x ∈ I that
θ(x) ∈ O(Γ )+A = θ(O(GLn)+Oα,β(GLn)). Then for all x ∈ KerRes, there exist a ∈ O(GLn)+Oα,β(GLn)
and c ∈ Ker θ such that x = c + a. In particular, this holds for all xij with (i, j) ∈ I+ ∪ I− , that is
xij = aij + ci j , for some aij ∈ O(GLn)+Oα,β(GLn) and ci j ∈ Ker θ . Comparing degrees in both sides of
the equality we have that aij = 0, which implies that each generator of I must lie in Ker θ . 
Remark 5.25. Any algebraic group Γ appearing in an exact sequence given by a quotient of Oα,β(GLn)
must be composed by block matrices M = (mij)1i, jn such that mij = 0 if (i, j) ∈ I+ ∪ I− .
The following lemma shows the convenience of characterizing the quotients Al,σ of Oα,β(GLn) as
pushouts.
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1 O(GLn)
ι
res
Oα,β(GLn) π
Res
uˆα,β(gln)
∗
p
1
1 O(L)
u
ιL Oα,β(L)
πL
ν
uˆα,β(l)∗ 1
1 O(Γ )
j
Al,σ
π¯
t
uˆα,β(l)∗
v
1
1 O(Γ ) ιˆ A πˆ H 1.
(35)
Proof. Using the maps u,w given by Lemma 5.24, we have that wιL = ιˆu, that is, the following
diagram commutes
O(L) ιL
u
O(L)
ν
wO(Γ )
j
ιˆ
Al,σ
A.
Since Al,σ is a pushout, there exists a unique Hopf algebra map t : Al,σ → A such that tv = w and
t j = ιˆ. This implies also that vπ¯ = πˆt and therefore the diagram (35) is commutative. 
Let (Σ, I+, I−) be the triple that determines H . Recall that TI is the subgroup of T generated by
the elements {wi,w ′j: i ∈ I+, j ∈ I−}, ρ : Tˆ → Σˆ and ρI : Tˆ → TˆI denote the group homomorphisms
between the character groups induced by the inclusions and N = Kerρ , MI = Kerρ .
By Lemmata 5.21 and 5.22, we know that the Hopf algebra Al,σ contains a set of central group-like
elements Z= {∂m |m ∈ MI } such that π¯ (∂m) = Dm for all m ∈ MI and H = uˆα,β(l)∗/(Dm − 1 |m ∈ N).
To see that A = AD for a subgroup datum D = (I+, I−,N,Γ,σ , δ) it remains to ﬁnd a group map
δ : N → Γˆ such that A  Al,σ / Jδ . This is given by the following lemma which ﬁnishes one part of the
proof of Theorem 1. The proof will be completed by Theorem 5.29 in the following subsection.
Lemma 5.27. There exists a group homomorphism δ : N → Γˆ such that Jδ = (∂m − δ(m) |m ∈ N) is a Hopf
ideal of Al,σ and A  AD = Al,σ / Jδ .
Proof. Let ∂m ∈ Z. Then πˆt(∂m) = vπ¯ (∂m) = 1 for all m ∈ N , by Lemma 5.21(b). Since t(∂m) is a
group-like element, this implies that t(∂m) ∈ Aco πˆ = O(Γ ). As G(O(Γ )) = Γˆ , we have a group ho-
momorphism δ given by
δ : N → Γˆ , δ(m) = t(∂m) ∀m ∈ N.
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m ∈ N) is a Hopf ideal and t( Jδ) = 0. Consequently, we have a surjective Hopf algebra map
θ : AD  A, which makes the following diagram commutative
1 O(Γ ) ι˜ AD
π˜
θ
H 1
1 O(Γ ) ιˆ A πˆ H 1.
(36)
Then θ is an isomorphism by [AG2, Corollary 1.15]. 
5.5. Relations between quantum subgroups
We study now the category QUOT (Oα,β(GLn)) of quotients of Oα,β(GLn) when α and β satisfy
the conditions given in (12), and show that every object is parametrized by a subgroup data D of
Oα,β(GLn).
Let U be any Hopf algebra and consider the category QUOT (U ), whose objects are surjective Hopf
algebra maps q : U → A. If q : U → A and q′ : U → A′ are such maps, then an arrow q α q′ in
QUOT (U ) is a Hopf algebra map α : A → A′ such that αq = q′ . In this language, a quotient of U is
just an isomorphism class of objects in QUOT (U ); let [q] denote the class of the map q. There is a
partial order in the set of quotients of U , given by [q] [q′] iff there exists an arrow q α q′ in
QUOT (U ). Notice that [q] [q′] and [q′] [q] implies [q] = [q′].
We will describe the partial order in the set [qD], D a subgroup datum, of quotients
qD :Oα,β(GLn) AD given by Theorem 5.23, using the data provided by the set of subgroup data.
Eventually, this will be the partial order in the set of all quotients of Oα,β(GLn). We begin by the
following deﬁnition. By an abuse of notation we write [AD] = [qD].
Deﬁnition 5.28. Let D = (I+, I−,N,Γ,σ , δ) and D′ = (I ′+, I ′−,N ′,Γ ′, σ ′, δ′) be subgroup data of
Oα,β(GLn). We say that D D′ iff:
• I ′+ ⊆ I+ and I ′− ⊆ I− .• N ⊆ N ′ or equivalently Σ ′ ⊆ Σ .
• There exists a morphism of algebraic groups τ : Γ ′ → Γ such that στ = σ ′ .
• δ′η = tτδ, where η : N ↪→ N ′ denotes the canonical inclusion.
If we denote I = I+ ∪ I− and I ′ = I ′+ ∪ I ′− , the ﬁrst condition implies that I ′ ⊆ I , TI ′ ⊆ TI . Denote
by ρI : Tˆ → TˆI and ρI ′ : Tˆ → TˆI ′ the epimorphisms between the character groups induced by the
inclusions and let MI = KerρI , MI ′ = KerρI ′ . Then MI ⊆ MI ′ .
We say that D  D′ iff D D′ and D′ D. This means that I+ = I ′+ and I− = I ′− , N = N ′ , there
exists an isomorphism of algebraic groups τ : Γ ′ → Γ such that στ = σ ′ and δ′ = tτδ.
The following theorem completes the proof of Theorem 1(b) and its proof is completely analogous
to [AG2, Theorem 2.20].
Theorem 5.29. Let D and D′ be subgroup data. Then:
(a) [AD] [AD′ ] iff D D′ .
(b) [AD] = [AD′ ] iff D  D′ .
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In this subsection we summarize some properties of the quotients AD following the study made
in [AG1]. Let D = (I+, I−,N,Γ,σ , δ) be a subgroup datum of Oα,β(GLn). By Theorem 5.23, AD ﬁts
into the commutative diagram
1 O(GLn)
ι
tσ
res
Oα,β(GLn) π
Res
qD
uˆα,β(gln)
∗
p
r
1
1 O(L)
u
ιL Oα,β(L)
πL
w
uˆα,β(l)∗
v
1
1 O(Γ )
j
AD
πˆ
H 1
(37)
and by Lemma 5.21(b) and the proof of Lemma 5.22, H  uˆα,β(l)∗/(Dm − 1 | m ∈ N). Let T be the
diagonal torus of GLn(C). The following lemma shows that it coincides with the group of characters
of Oα,β(GLn).
Lemma 5.30.
(a) Alg(Oα,β(GLn),C)  T.
(b) j induces a group map t j : Alg(AD,C) → Γ and Im(σ ◦ t j) ⊆ T∩ σ(Γ ).
Proof. (a) Let Λ ∈ T with main diagonal (λ1, . . . , λn) ∈ (C×)n . It deﬁnes an element Λˆ ∈
Alg(Oα,β(GLn),C) by setting Λˆ(xij) = δi, jλi for all 1 i, j  n. Hence we may deﬁne a group homo-
morphism ϕ : T → Alg(Oα,β(GLn),C) by ϕ(Λ) = Λˆ for all Λ ∈ T. This group map is clearly injective,
so we need to prove that is also surjective. Let θ ∈ Alg(Oα,β(GLn),C) and let xij be a generator
of Oα,β(GLn) with 1  i = j  n. Then from the deﬁning relations it follows that θ(xij) = 0. Since
θ(g) = 0, we have that θ(xkk) ∈ C× and thus θ = ϕ(Λ) with λk = θ(xkk) for all 1 k n.
(b) The bottom exact sequence of (37) induces an exact sequence of groups
1 → G(H∗)= Alg(H,C) tπ−→ Alg(AD,C) t j−→ Alg(O(Γ ),C)= Γ, (38)
which ﬁts into the commutative diagram of group maps
1 G(uˆα,β(gln))
tπ
Alg(Oα,β(GLn),C)
t ι
Alg(O(GLn),C)
1 G(H∗)
tπ
t r
Alg(AD,C)
t j
tqD
Γ.
σ
Since qD is surjective, tqD : Alg(AD,C) → Alg(Oα,β(GLn),C) is injective. Thus the subgroup
(σ ◦ t j)(Alg(AD,C)) of σ(Γ ) must be a subgroup of Im t ι= T⊆ GLn = Alg(O(GLn),C). 
We resume some properties of the Hopf algebras AD in the following proposition. Recall that a
twist of a Hopf algebra A is an invertible element J ∈ A ⊗ A such that
(1⊗ J )(id⊗) J = ( J ⊗ 1)(⊗ id) J and (id⊗ ) J = 1 = ( ⊗ 1) J .
1426 G.A. García / Journal of Algebra 324 (2010) 1392–1428If A J denotes the Hopf algebra with the same algebra structure as A but with the comultiplication
given by  J = J J−1, then we say that A J is a twist deformation of A. We say that two Hopf
algebras A and B are twist equivalent if B  A J for some twist J . The Hopf center of a Hopf algebra A
is the maximal central Hopf subalgebra HZ(A) of A, see [A, 2.2.2].
Proposition 5.31. Let D = (I+, I−,N,Γ,σ , δ) be a subgroup datum.
(a) If AD is pointed, then I+ ∩ I− = ∅ and Γ is a subgroup of the group of upper triangular matrices of some
size. In particular, if Γ is ﬁnite, then it is abelian.
(b) AD is semisimple if and only if I+ ∪ I− = ∅ and Γ is ﬁnite.
(c) If dim AD < ∞ and A∗D is pointed, then σ(Γ ) ⊆ T.
(d) If AD is co-Frobenius then Γ is reductive.
(e) If HZ(AD)  HZ(AD ′ ) then AD and AD ′ are not twist equivalent.
Proof. Items (a)–(d) are a small variation of [AG1, Proposition 3.8].
(e) If AD ∼= A JD ′ for some twist J ∈ AD ′ ⊗ AD ′ , then HZ(AD) ∼= HZ(A JD ′ ). Since HZ(A JD ′ ) =HZ(AD ′), the claim follows. 
We end the paper with the following theorem that gives a new family of Hopf algebras coming
from deformations on two parameters which cannot be obtained as quotients of O(G), with G a con-
nected, simply connected, simple complex Lie group,  a primitive s-th root of unity, s odd and 3  s if
G is of type G2, see [AG2]. Recall that if (aij)1i, jn is a Cartan matrix, a subset I ⊆ In = {1, . . . ,n−1}
is called connected if for all i, j ∈ I there exist i = k1,k2, . . . ,kr+1 = j such that aktkt+1 = 0.
Theorem 5.32. Let D = (I+, I−,N,Γ,σ , δ) be a ﬁnite subgroup datum such that I+ ∩ I− = ∅ and σ(Γ )  T.
Then AD is non-semisimple and non-pointed with non-pointed dual. If moreover I = I+ = I− and I is con-
nected, then AD cannot be obtained as a quotient of O(G).
Proof. The ﬁrst assertion follows from Proposition 5.31. Thus we show that AD cannot be obtained
as a quotient of O(G).
Suppose that I = I+ = I− and let uˆα,β(l0) be the Hopf subalgebra of uˆα,β(l) generated
by {ei, f i,wi,w ′i: i ∈ I}. Then HZ(uˆα,β(l0)∗) = C. Indeed, suppose on the contrary that C =HZ(uˆα,β(l0)∗) = C, then we have a central exact sequence 1 → C → uˆα,β(l0)∗ → B → 1, where
B = uˆα,β(l0)∗/C+uˆα,β(l0)∗ is non-trivial. Taking duals we get an exact sequence 1 → B∗ → uˆα,β(l0) →
C∗ → 1, with C∗ a group algebra. Since uˆα,β(l0) is pointed, by [AG2, Corollary 1.12], B∗ is generated
by a subset of {ei, f i: i ∈ I} and a subgroup F of 〈wi,w ′i: i ∈ I〉 such that w j ∈ F and w ′j ∈ F if
e j ∈ B∗ or f j ∈ B∗ , respectively. But if e j or f j belongs to B∗ , then w j ∈ B∗ or w ′j ∈ B∗ and by [AS,
Lemma A.1] and the fact that I is connected this would imply that B∗ = uˆα,β(l0), a contradiction.
Hence B∗ must be generated by group-likes. This is also not possible, since this would imply that
uˆα,β(l0) is semisimple. Thus we must have HZ(uˆα,β(l0)∗) = C.
By Lemma 5.21(i) the set of group-likes X = {χ¯ | χ ∈ MI } of uˆα,β(l)∗ is central and we have
that uˆα,β(l)∗/(χ¯ − 1 | χ ∈ MI )  uˆα,β(l0)∗ . Since N ⊆ MI , uˆα,β(l0) is a quotient of H and by
Lemma 5.21(ii) we have uˆα,β(l0)∗  H/(χ¯ − 1 | χ ∈ MI/N). On the other hand, by Lemma 5.22 and
Theorem 5.23, AD contains a group of central group-likes isomorphic to W= {χ¯ | χ ∈ MI/N} and the
Hopf subalgebra O(Γ˜ ) := O(Γ )W is central in AD . Following [AG1, Lemma 3.10], one can prove that
HZ(AD) = O(Γ˜ ), AD is given by a pushout and AD ﬁts into the central exact sequence
1 → O(Γ˜ ) → AD → uˆα,β(l0)∗ → 1.
Suppose AD  A as Hopf algebras, with A a quotient of O(G). Then by [AG1, Lemma 3.10],
O(G) ﬁts into a central exact sequence
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with u(l˜0) a Hopf subalgebra of u(g), HZ(A) = O(Γ˜1) and HZ(u(l˜0)∗) = C. This implies in par-
ticular that u(l˜0)  uˆα,β(l0). Since both pointed Hopf algebras are generated by group-likes and
skew-primitives, by looking at the linear spaces generated by the skew-primitives we should have
that α = β−1, which contradicts our assumption (12) on the parameters. 
It remains an open question to determine when two quotients given by subgroup data are iso-
morphic as Hopf algebras. The problem was solved for a special case for quotients of O(G) at [AG1]
using algebraic geometry and homological tools. In view of this, it seems to be diﬃcult to solve the
problem in this generality. This will be left for future research.
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